Right coideal subalgebras of quantized universal 
enveloping algebras of type G2* 

Barbara Pogorelsky 

barbara. pogorelskyOufrgs . br 
Instituto de Matematica, Universidade Federal do Rio Grande do Sul 
Av. Bento Gongalves 9500, Porto Alegre, RS, 91509-900, Brazil 

January 7, 2010 



Abstract 

In this paper we describe the right coideal subalgebras containing all 
group-like elements of the two-parameter quantum group U q (g), where 
is a simple Lie algebra of type G2, while the main parameter of quanti- 
zation q is not a root of 1. As a consequence, we determine that there are 
precisely 60 different right coideal subalgebras containing all group-like 
elements. If the multiplicative order t of q is finite, t > 4, t 7^ 6, then 
the same classification remains valid for homogeneous right coideal subal- 
gebras of the two-parameter version of the small Lusztig quantum group 
it,(0). 
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1 Introduction 

In this paper we continue the classification of the right coideal subalgebras of 
quantized enveloping algebras started in [7], [H] and [5] by V. K. Kharchenko, 
A. V. Lara Sagahon and the author. In the second section, following [7] and [3], 
we introduce the main concepts and general results that are necessary. 

In the third section we present the algebra U q (o), where q is a simple Lie 
algebra of type G2, which has a triangular decomposition 

U q (&) = U-( 3 ) ® k[ F] k[fl] ® k[G] U+{s). 

Here we also give some previous important results obtained in [9 for the algebra 
Uq(o). In particular, Theorem 13.11 calculates a PBW-basis for this algebra, and 
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Theorem 13.41 completely describes the right coideal subalgebras containing all 
group-like elements, proving a conjecture of V. K. Kharchenko (see [8]) for 
the specific case where g is a simple Lie algebra of type G 2 - Recently, this 
conjecture was proved in general by I. Heckenberger and H.-J. Schneider in pQ. 
In this section we also prove in Lemma [3.51 that the right coideal subalgebras 
that contain all group-like elements have a triangular decomposition 

U = LT ® k[F] k[H] (g) k[G] U+ 

and in Lemma 13.61 we present necessary and sufficient conditions to determine 
when the above tensor product of right coideal subalgebras U~ and U + of, 
respectively, U~(g) and U+(g) is a right coideal subalgebra of U q (g). 

In the fourth section we have Theorem 14.11 which is the main result of the 
paper. Here we prove, using Lemmas 13.51 and 13.61 that we have the following 
right coideal subalgebras for U q (o) 
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where U = U% and U = {/• , 1 < i,j < 12, are the right coideal subalgebras 
of U+(q) and U~(q) described in [5] (see Figure 1 and notations on pages 12- 
13). In particular, we see that U q (g) has precisely 60 different right coideal 
subalgebras that contain all group-like elements. In the case where q is a root 
of 1 of order t, t > 4, t ^ 6, the same results are valid for the homogeneous right 
coideal subalgebras of u q (g). 

2 Preliminaries 

In this section, following [7] and [9], we recall the basic concepts. 

Definition 2.1. Let S be an algebra over a field k and A its subalgebra with 
a fixed basis {ay|j € J}. A linearly ordered subset W C S is said to be a set of 
PBW- generators of S over A if there exists a function h : W — > Z + U oo, called 
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the height function, such that the set of all products 

a jW ^w?...wl\ (1) 

where j G J, w% < u>2 < ■ ■ ■ < w k G W, rii < h(wi), 1 < i < k is a basis of S. 
The value h(w) is referred to as the height of w in H'. If vl = k is the ground 
field, then we shall call W simply as a set of PBW-generators of S. 

Definition 2.2. Let W be a set of PBW-generators of S over a subalgebra 
A. Suppose that the set of all words in W as a free monoid has its own order 
-< (that is, a -< b implies cad -< cod for all words a, &, c, d G W). A leading 
word of s 6 S is the maximal word to = ui™ 1 toj 2 ■ • ■ u>J? fc that appears in the 
decomposition of s in the basis ([T]). A leading term of s is the sum am of all 
terms 0^0^771 that appear in the decomposition of s in the basis (JTJ), where m is 
the leading word of s. 

Definition 2.3. A Hopf algebra H is said a character Hopf algebra if the group 
G of all group- like elements is commutative and H is generated over k[G] by 
skew primitive semi-invariants ai,i £ /: 

A(fli) = a* ® 1 +gi <g>a i5 g~ x a { g = x l (g)<h, 9,9t^G, 

where y?, i E I, are characters of the group G. 

Let us associate a quantum variable Xi to a». For each word 11 in I = 
{xi\i e /} we denote by g u an element of G that appears from u by replacing 
each Xi with c/i. In the same way we denote by \ u a character that appears 
from u by replacing each xi with x*. We define a bilinear skew commutator on 
homogeneous linear combinations of words by the formula 

[u,v] = uv - x u (9v)vu, (2) 

where we use the notation x u {9v) = Puv = p(u, v). 

The group G acts on the free algebra k(A) by g^ 1 ug — x(g)u, where u is an 
arbitrary monomial in X. The skew group algebra G{X) has the natural Hopf 
algebra structure 

A(xi) = Xi ® 1 + gi ® i € I, A(g)=g>g>g. 

We fix a Hopf algebra homomorphism 

£:G(A)^ff, £(30 = 04, £(5) = 9, i € I, g e G. 

Definition 2.4. A constitution of a word it in GU X is a family of non-negative 
integers {m x , x G A} such that w has m K occurrences of x. Certainly almost all 
m x in the constitution are zero. 

Let us fix an arbitrary complete order < on the set A, and let r + be the free 
additive (commutative) monoid generated by A. The monoid T + is a completely 
ordered monoid with respect to the following order: 

mix il + m 2 x i2 + . . . + m k x ik > m' 1 Xi 1 + m' 2 x i2 + . . . + m' k x ik (3) 
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if the first from the left nonzero number in (mi — m\, m-i — m' 2 , . . ■ , — ml) 
is positive, where Xi 1 > Xi 2 > . . . > xi k in X. We associate a formal degree 
D(u) = ^2xex m x x 6 r + to a word u in G U I, where {m^x € X} is the 
constitution of u. Respectively, if / = cti u i G G(X), ^ a t £ k then 

D(f) = maxi{D{ui)}. (4) 

On the set of all words in X we fix the lexicographical order with the priority 
from the left to the right, where a proper beginning of a word is considered to 
be greater than the word itself. 

According to [51 Theorem 1.1], every right coideal subalgebra U that contains 
all group- like elements has a PBW-basis T over k[G] which can be extended up 
to a PBW-basis Pt of H . The set T of PBW-generators for U can be obtained 
from the PBW-basis of H given in 4, Theorem 2] in the following way. 

Suppose that for a given PBW-generator [u] there exists an element c e U 

where W% are the basis words starting with a PBW-generator [v] < [u], D(Wi) = 
sD(u), and Vj are basis words multiplied from the left by a group-like element 
with D(Vj) < sD(u). We fix one of the elements with minimal s and denote it 
by c u . Thus, for every PBW-generator [it] we have at most one element c u . We 
define the height function by the following lemma. 

Lemma 2.5. [HI Lemma 4.3] In the representation ^ of the chosen element 
Cu, either s — 1 or p(u, u) is a primitive t-th root of 1 and s = t, or (in the case 
of positive characteristic) s = t{char\i) r . 

If the height of [u] in H is infinite, then the height of c u in U is defined to be 
infinite as well. If the height of [u] in H equals t and p(u, u) is a primitive t-th 
root of 1, then, due to the above lemma, s — 1 (note that in the representation 
||SJ) the number s is less than the height of [u]). In this case, the height of c u in 
U is supposed to be t as well. If the characteristic I is positive and the height 
of [u] in H equals tl r , then we define the height of c u in U to be equal to tl r /s 
(thus, in characteristic zero the height of c u in U always equals the height of [u] 
in H). 

Proposition 2.6. [SI Proposition 4.4] An element c £ H belongs to U if and 
only if all PBW-generators in the PBW- decomposition of c with respect to Pt 
belong to T . In particular, the set T of all chosen c u with the above defined 
height function is a set of PBW-generators of U over k[G]. 

Definition 2.7. Let C =|| ay || be a generalized Cartan matrix symmetriz- 
able by D — diag{d\, . . . ,d n ), d Denote by q a Kac-Moody 

algebra defined by G (see [!)). Suppose that the quantification parameters 
Pij = p(xi,Xj) = X l (9j) are related by 

Pii = q dl , PijPji = q d,a%3 , 1 < i, j < n. (6) 



4 



The multiparameter quantization U^~(g) of the Borel subalgebra g + is a character 
Hopf algebra generated by x\, . . . , x n , g\, . . . ,g n and defined by Serre relations 
with the skew brackets © in place of the Lie operation: 

[[...[[xi,Xj],Xj],...],Xj]=0, l<i^j<n, (7) 

where Xj appears 1 — o,j times. 

We note that relations © diminish the number of free parameters from n 2 
to n ^" 2 ~ 1 -* +1. In particular, if n = 2 we have just a two- parameter family of 
quantizations. 

By [21 Theorem 6.1], the left sides of the relations (JTJ) are skew primitive 
elements in G(X). Therefore, the ideal generated by these elements is a Hopf 
ideal, while U+(g) indeed has a natural character Hopf algebra structure. 

Definition 2.8. If the multiplicative order t of q is finite, then we define uf(g,) 
as G(X)/A, where A is the biggest Hopf ideal in G{X)( 2 >, which is the set 
(an ideal) of noncommutative polynomials without free and linear terms. From 
[SI Lemma 2.2], this is a r + -homogeneous ideal. Certainly A contains all skew 
primitive elements of G{X)^ (each one of them generates a Hopf ideal). Hence, 
by [31 Theorem 6.1], relations (J7]) are still valid in u^(fl). 

Definition 2.9. Consider a new set of variables X~~ — {x^ ,x^ , . . . ,x~}. Sup- 
pose that an Abelian group F, generated by the elements f±, fa, . . . , /„, acts on 
the linear space spanned by X~ so that (x~)^ j = p~^x~ , where pij are the same 
parameters ^ that define J7+(g). The relations © are invariant under substi- 
tutions p^ <— pj^, q <— q^ 1 . This allows us to define the character Hopf algebra 
U~(q) as U^ 1 (g) with the characters X-i ^ <i <n such that X-{fj) — Pji ■ 

We may extend the characters \ l on G X F in the following way 

X\fj) ■=Pji=X j (9i)- 

Indeed, if Yl k f™ k = 1 in F, then the application to x~ implies Y\ k Pk" lk = 1, 
hence x l (Ilfc /™ fe ) = Ilfc Phi 1 * equals 1 as weu - In the same way, we may extend 
the characters x~ on G x F so that 

x l - = (xT 1 

In what follows we denote by H the quocient group (G x F)/N, where N is 
an arbitrary subgroup with X*(iV) = 1, 1 < i < n. For example, if the quantifi- 
cation parameters satisfy additional symmetry conditions pij — Pji, 1 < i,j ' < n, 
as in the case for the original Drinfeld-Jimbo and Lusztig quantifications, then 
X l {§k = PikPki = L an d we may take N to be the subgroup generated by 
9k 1 fk, 1 < k < n. In this particular case the groups H, G, F may be identified. 

In the general case, without loss of generality we may suppose that G,F C H . 
Certainly 1 < i < n are characters of H and H still acts on the space spanned 
by X U X~ by means of these characters and their inverses. 
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Definition 2.10. Consider the skew group algebra H(X U X } as a character 
Hopf algebra: 

A(xi) = Xi <g) 1 + gt ® Xi, A(x^) = x ^ ® 1 + ft ® x~ , 
9~ 1 Xi9 = • Xi, 9~ X ^H9 = (xT^ff) ' 5 e G, (8) 

rW = x- (/)•*<> r 1 x7f = ix i -)~Hf)-*7, f^ F - (9) 

We define the algebra U q (g) as a quotient oi H(X U X~) by the following 
relations: 

[[. . . [[xi,Xj},Xj], . . .],xj] = 0, l<i^j<n, 
[[. . . [[x~,xj],xj], . . ],xj] = 0, l<i^j<n, 
where Xj and xj appear 1 — a,ji times and 

[xi,xj] = S}(l-g i f i ), l<i,j<n (10) 

where the brackets are defined on H(X li X~) by the structure of character 
Hopf algebra as in (J2J). Since due to ^ and [31 Theorem 6.1], all polynomials in 
the above relations are skew primitive in H(X U X~), they define a Hopf ideal 
of H(X U X~), that is, the natural homomorphism 

H(XUX-) -> U q (g) 

defines a Hopf algebra structure on U q (g). 

Definition 2.11. If q has finite multiplicative order, then u q (g) is defined by 
relations (fTOj) and u = 0, u € A, m~ = 0, u~ 6 A - , where A, A - are the biggest 
Hopf ideals in G(X)^ and F(X~)^ 2 \ which are sets (ideals) of noncommutative 
polynomials without free and linear terms. 

Both algebras U q (g) and u q {g) are graded by F, the additive group generated 
by r + , provided that we put D{x~) — ~D{xi) — —Xi, D(H) — since in this 
way the relations ([TO]) become homogeneous. 

Corollary 2.12. [JJ Corollary 3.3] If q is not a root ofl and the Cartan matrix 
C =|| dij || is of finite type, then every subalgebra U of U q (g) containing H is 
r -homogeneous. 

This Corollary is not true for u q (g) if q is a root of 1. In this case, we may 
have subalgebras that contain H and that are not homogeneous. 

From [7J, the subalgebra of U q {g) generated by G and x±, x-i, . . . , x n is iso- 
morphic to U q (g). Analogously, the subalgebra of U q (g) generated by F and 
Xi , x% , ■ ■ ■ , x~ is isomorphic to U q (g). Moreover, we have the following trian- 
gular decomposition: 

UM = U-(g) ® k[F] k[H] ® k[G] U+(g). (11) 

We also have the same fact for u q (g): 

u q (d) = u q (g) ® k[F] k[H] ® k[G] u+(g). (12) 

Now we have all the necessary definitions and results for the following sec- 
tions. 
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3 The algebras U q (o), u q (g) when g is the simple 
Lie algebra of type G2 

Now we are going to consider the algebras U q (g), when q is not a root of 1, 
and u q (g), when q has finite multiplicative order t, t > 4, t ^ 6, where q is 
the simple Lie algebra of type G2. Let us remember that the algebra U q (g) is 
defined by generators X\, x 2 , X\ , x^", g%, 32, fi, fi and relations 

[[[[xi,X 2 ],X 2 ],X 2 ],X 2 ] = 0, [Xl, [x X ,X 2 ]] = 0, 
[[[[x^X^X^],^],^] = 0, [x^,[x^,X2]]=0, (13) 
[xi,xj] = 61(1 -gift), i,j = 1,2, 

according to Definition 12.101 where pn = q 3 , P22 — q and P12P21 = <Z~ 3 - In this 
way we have a two-parameter family of quantizations. We also have that the 
generators gi,g%, fx, / 2 are all invertible, commute with each other and 

x i9j — Vij9j x ii x ifj = Pjifj x i, x i 9j = Pij 9j x i j x i fj — Pji fj x i ■ 

The algebra u q (o) is defined as in Definition 12.111 and has the same relations 

(USD. 

As we have seen in the preliminaries, the algebras U q (g) and u q (o) have the 
triangular decompositions (fTTj) and (fl^j) . Now we will give some results that are 
proved for t/+(g) and it+ (q). 

Theorem 3.1. Theorem 3.4] If q is not a root of 1, then the following 
elements 



[A] 


= Xl, 




[B] 


= [xi,x 2 ], 
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= [[xi,x 2 ], 


[[xi,x 2 ],x 2 
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= [[xi,x 2 ], 


X2], 


[E] 


= [[[xi,x 2 ] 


,x 2 ],x 2 ], 


[F] 


= x 2 . 





form a set of PBW- generators for U q (o) over k[G], and each PBW- generator 
has infinite height. If we suppose that x\ > x 2 , then A>B>C>D>E>F. 

Theorem 3.2. [S] Theorem 3.6] If q has finite multiplicative order t, t > 4, 
t 7^ 6, then the elements from list (|14l) form a set of PBW-generators for u+(q) 
over k[G]. The height h of [u] G {[B], [D], [F]} equals t. For [u] G {[A], [C], [E]} 
we have h — t if 3 is not a divisor oft and h = | otherwise. In all cases [u] h — 
in u+(g). 

Lemma 3.3. [9 ( Corollary 3.7] The exponent s given in ^ is 1 for every [u] 
in the PBW-basis. 
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Theorem 3.4. [5J Theorem 1.1] If q is not a root of 1, the lattice of right 
coideal subalgebras containing k[G] ofU^(g) is given in the Figure 1. If q has 
multiplicative order t > 4, t ^ 6, the same figure is the lattice of homogeneous 
right coideal subalgebras containing k[G] ofu^(g). 



U 6 = ({x 1: x 2 }) 
U 5 = ([[x 1 ,x 2 ], [[x 1 ,x 2 },x 2 }}} 
Ui = ([[xi,x 2 ],x 2 ]) 

U 3 = {[[[XI,X 2 ],X 2 ],X 2 ]) 

U 2 = (x 2 ) 



Ui = k[G] 

Figure 1: Lattice of Right Coideal Subalgebras 



Since the algebra U~(g) is defined as U^1 1 (q), a similar result is valid for 
the negative quantum Borel algebra too. 

At this point we would like to say that any (T-homogeneous) right coideal 
subalgebra of U q (g) (respectively, u q (g)) that contains k[£Z] has the triangular 
decomposition, and that for any two right coideal subalgebras k[F] C U _ C 
U-( Q ), k[G] C U+ C U+( Q ) (respectively, k[F] C U~ C u -( fl ), k[G] C U+ C 
u q (fl)) the tensor product 

U = U- ® KF ] k[ff] ® k[G] U+ (15) 

is a right coideal subalgebra. However this is not true: the tensor product (| 15[) 
is not always a subalgebra. We have instead the next two lemmas. 

Lemma 3.5. If q is not a root of 1 then every right coideal subalgebra U D 
k[Zf] of Uq(o) has a decomposition (|T5l) . where U + D k[G] and U~ D kfi 71 ] 
are right coideal subalgebras ofU^(Q) and U~{q), respectively. If q has finite 
multiplicative order t, t > 4, t ^ 6„ then this is the case for T-homogeneous 
right coideal subalgebras ofu q (g). 




Un = ([[a;i,X2j, [x 2 , [x 2 , xi])]) 
U w = ([x 2 , [x 2 , [x 2 , Xl]]]) 
U 9 = ([x 2 , [x 2 ,xi]}) 
U s = ([x 2 ,xi]) 
U 7 = (xx) 
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Proof. Due to the triangular decompositions (|TT|) and (IT21 , the set P = P_UP + 
is a set of PBW-generators for U q (g) (respectively, u q (g)) over k[i?], where P_ 
is the set of PBW-generators for U~ (g) 

{^1 > X 2 ' [-"l J X 2 ]> H^l J X 2 ], X 2 ], ' 2 '2 ] i 2 '2 ] ' ' Z '2 ] ' [[^l ) X 2 ] ' [[^l ' ' Z '2 ] ' X 1 ]]} 

and P + is the set of PBW-generators for t/+(g) 

{xi,x 2 , [xi,x 2 ], [[xi,x 2 ],x 2 ], [[[xi, x 2 ], x 2 ], x 2 ], [[xi,x 2 ], [[xi, x 2 ], x 2 ]]}. 

Let us fix the following order on the skew primitive generators 

X\ > x 2 > > X2 ■ 

By Proposition 12.61 and Lemma 13.31 the subalgebra U has PBW-generators of 
the form 

[u] + <*iWi + Pi v i e U ' 

where [u] G P, Wi are the basis words starting with PBW-generators smaller 
than [u], D(Wi) — D(u), and Vj are basis words multiplied from the left by 
a group-like element with D(Vj) < D(u). From the definition of the degree 
given in @ , all Wi have the same constitution as the leading term [u] . Thus all 
Wi 's and the leading term [u] belong to the same component of the triangular 
decomposition (that is, they have only elements from X, or only elements from 
X~ , they can't have both). It remains to show that there are no terms Vj. 

If q is not a root of 1, by Corollary 12. 12[ the algebra U is T- homogeneous. 
Hence (in both cases) the PBW-generators may be chosen to be T-homogeneous 
as well. It means that a — c — a,j — Cj and b — d = bj — dj supposing that 
axi + bx-i + cx^ + dx^ is the degree of [u] and a,jX\ + &jX 2 + CjXi + djX^ 
is the degree of Vj, for every j. However it contradicts the hypothesis that 
D(Vj) < D(u), as it will be shown. 

If the leading term [u] G P-, then a = b = 0, what provides aj = bj = 0, 
from the order defined in ([3]). So c = Cj and d — dj, and D(Vj) = D(u). If 
[u] G P+, then c = d = and a = dj — Cj, b = bj — dj. But then aj > a, bj > b, 
Cj > c and dj > d, what gives us D(Vj) > D{u). 

Now we can see that all PBW-generators belong either to U~(g) (respec- 
tively, u~(g)) or U+(g) (respectively, it+ (fl)). Therefore, U has the decomposi- 
tion {T5J). □ 



Lemma 3.6. [3 Lemma 9.3] The tensor product (| L5[) is a right coideal subal- 
gebra if and only if 

XT] C U ® m k[H] ® k[G] D+. (16) 

In fact, it was also proved by Kharchenko that, to verify the inclusion (fT6|) . 
we just need to verify that 

[[U+], [«-]] G U~ ® k[F] k{H] ® k[G] U+. 

for every PBW-generators [u + ] and [u - ] of U + and U _ , respectively. 
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4 Right Coideal Subalgebras of U q (Q),u q (o) 

The idea for this section is, using Theorem 13.41 and Lemma 13.61 to describe 
the lattice of (homogeneous) right coideal subalgebras containing k[iJ] of U q (g) 
(respectively, u q (g)). This lattice is represented by four different figures. The 
first one is the combination of the right coideal subalgebras from the right side of 
Figure 1 with the right side of the lattice of right coideal subalgebras of U~(g). 
The second is the combination of the left sides of both lattices. The last two 
analyze the left side with the right side, and the right side with the left side. In 
what follows we denote by v) the space {u~) ®k[_F] <8>k[G] (v), where 
u, v are generators of the right coideal subalgebras of quantum Borel subalge- 
bras from Figure 1. If we get vx), (u 2 ; v 2 ) two right coideal subalgebras 
from two different figures, then their supremum is the smallest right coideal 
subalgebra containing (u^; v^} and their infimum is the greatest right coideal 
subalgebra contained in (itjj"; vq), where (uj) is the supremum of and (u^), 
(vs) is the supremum of (v\) and (v 2 ), (uq) is the infimum of (u^) and (u^) and 
(vq) is the infimum of (vx) and (v 2 }- Our main result says that the space (ti~; v) 
is a right coideal subalgebra if and only if it appears on one of the following four 
figures. 

Theorem 4.1. If q € k is not a root ofl, the lattice of right coideal subalgebras 
containing k[H] of U q (g) is given by the following four figures. If q has finite 
multiplicative order t, t > 4, t ^ 6, the same lattice represents the homogeneous 
right coideal subalgebras containing k[H] of u q {g). 

(U q (g); U+(g)) 

/ \ 
(U-(g); x 2 ) (x 2] U+(g)) 

/ \ 
(U q (g); 1) (l; U+(g)) 

1 1 

([x^,x^]; 1) (1; [xx,x 2 ]) 

I I 

([[ x x^ x 2^ [[ x i> x 2]> x 2]]' !> (!; [[^i,^], [[#1,2:2], £2]]) 
I I 

([[^r^],^]; !) (!; [[xi,x 2 ],x 2 }} 
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(U-(q); U+(jfi) 

/ \ 

(U-(g); Xl ) ( Xi ;U+(q)) 

/ \ 

{U-(q); 1) (1; U+(q)) 

i i 
([[ x i, x 2 ]d x 2 A x 2i x i]]\i l ) (!; [fci,^], [x 2 , [sc 2 ,a;i]]]) 



([x 2 , [x 2 , [x 2 , x x ]]]; 1) (1; [x 2 , [x 2 , [x 2 ,x 1 ]}}} 



([x 2 , [x 2 ,x t ]]; 1) (1; [x 2 , [x 2 ,xi]]) 




Proof. From Lemma [3.5l all (homogeneous) right coideal subalgebras containing 
k[iJ] of J7q(fl) (respectively, u q (g)) have the form 

U = U-® k[F] k[i/]® k[G] U + , (17) 

where U + , U arc (homogeneous) right coideal subalgebras containing k[G],k[F] 
of U+(q),U~(q) (respectively, u+(g),u~(g)). Now we just have to see which 
combinations are right coideal subalgebras and which ones are not. 

First let us remember that, from Theorem 13.41 the (homogeneous) right 
coideal subalgebras of U+(g) (respectively, w£(q)) with respective PBW-generators 
over k[G] are: 

• U 1 = k[G] 

• U 2 = (x 2 ) 

• U 3 = ([[[xi,x 2 ],x 2 ],x 2 ]) 
{x 2 ; [[[xi,x 2 ],x 2 ],x 2 ]} 

• U4, = ([[xi,x 2 ],x 2 ]) 

{x 2 ; [[[xi,x 2 ],x 2 ],x 2 ]; [[xi, x 2 ], x 2 ]} 

• U 5 = ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]) 

{x 2 ; [[[xi,x 2 ],x 2 ],x 2 ]; [[xi,x 2 ],x 2 ]; [[xi, x 2 ], [[xi, x 2 ], x 2 ]]} 
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• U 6 = ([xi,x 2 ]) 

{x 2 ; [[[xi,x 2 ],x 2 ],X2\] [[x 1 ,x 2 },x 2 }; [[si,^], [[a^xa],^]]; [x 1) x 2 ]} 

• U 7 = 

• U s = ([x 2 , xi}) 
{xr, [x2,xi]} 

• Ug = ([x 2 , [x 2 ,Xi]]) 

{xi; [x 2 ,xi]; [x 2 , [x 2 ,x 1 ]]} 

• U10 = ([x 2 , [x 2l [x 2l xi]]]) 

[x\] [x 2 ,xx}\ [x 2 , [x 2 ,xi]]; [x 2 ,[x 2 ,[x 2 ,xi]]]} 

• U\i = {^xi,x 2 ],[x 2 ,[x 2 ,xt}}}) 

{xr, [x 2l xi]; [x 2 ,[x 2l xi]}; [x 2 ,[x 2 ,[x 2 ,xi]}}; [[xi, x 2 ] 7 [x 2 , [x 2 , x{\]]} 

• U 12 = U+(g) 

{x 2 ; [[[xi,x 2 ],x 2 ],x 2 ]; [[xi,x 2 ],x 2 ]; [[xi, x 2 ], [[xi, x 2 ], x 2 ]]; [xi,x 2 ]', xi] 

Since U~(q) = U^_ 1 (q), the right coideal subalgebras containing k[F] of 
U~(g) are exactly the same, just substituting x\ for x\ and x 2 for x 2 . From 
Lemmas 13.51 and 13.61 in order to find out the (homogeneous) right coideal sub- 
algebras containing k[i7] of U q (g) (respectively, u q (g)) we just have to calculate 
the skew-commutators between the possible PBW-generators, which are just 
listed here. Since we do not need to know the exact coefficients, for simplifica- 
tion of the expressions we define the following relation 

u ~ v if and only if u = av, 

where a£k,a^0. For the coefficients a^, i — 1, ... ,8, that appear on some 
expressions, we also have on S k and on ^ 0, except for ot\ which may be zero. 
All calculations will be shown at the appendix, where these coefficients are also 
specified. 

(Al) [xi,x^] ~ 1 -31/1, 

(A2) [x x ,x^)~Q, 

(A3) [xi,[x^ ,x 2 ]]^ x 2 g x fi, 

(A4) [xi, fa ,%]] - x 2 , 

(A5) [x 1: [[x^ ,x 2 },x 2 }} ~ (x 2 ) 2 gi f 1: 

(A6) [ Xl ,[[[x^ ,x 2 ],x 2 ],x 2 }} ~ (x 2 fgifi, 
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(A7) [xi, [[x 1 ,x 2 }, [[x 1 , x 2 ], x 2 

']]] ~ ^2 [frl 

, x 2 ] , x 2 , x 2 ], x 2 ], x 2 

131/1, 

(A8) [x 2 ,xj-] -0, 
(A9) [x 2 ,x 2 ] - 1 - .g 2 .f 2 , 
(A10) [x 2 , [a;r,x 2 ]] - xf, 
(All) [x 2 , [x 2 ,xj"]] - x^g 2 f 2 , 
(A12) [x 2 , [[xj~,x 2 ],x 2 ]] ~ [xf,x 2 ], 
(A13) [x 2 , [x 2 , [x 2 ,Xi]]] ~ [x 2 ,xJ"]g 2 /2, 
(A14) [x 2 , [[[xj",x 2 ],x 2 ],x 2 ]] ~ [[xj",x 2 ],x 2 ], 
(A15) [x 2 , [x 2 , [x 2 , [x 2 ,xj~]]]] - [x 2 , [x 2 ,x^]]g 2 f2, 

(A16) [x 2 , [[xj",x 2 ], [x 2 , [x 2 ,xj"]]]] - [x 2 ,x^} 2 +a 2 [x 2 ,x^] 2 g 2 f 2 +a 3 [x 2 ,[x 2 ,x^]]x^[ g 2 f 2 + 
a 4 x 2 [x 2 ,xJ"]xj"3 2 / 2 , 

(A17) [[xi,x 2 ],xj"] ~ 3i/ix 2 , 

(A18) [[xi,x 2 ],x 2 ] ~ xi, 

(A19) [[xi,x 2 ],[ x 2 , x^ 

]] ~ 1 - 31/152/2, 

( A20) [[xi , x 2 ] , [x 2 , [x 2 , xf ]]] ~ x 2 , 

(A21) [[x 2 ,xi],xj"] - x 2 , 

(A22) [[x 2 ,xi],x 2 ] ~ s- 2 / 2 xi, 

(A23) [[x 2 ,xi], [xj",x 2 ]] - 1 -32/231/1, 

(A24) [[x 2 ,xi], [[xj",x 2 ],x 2 ]] ~x 2 3 2 / 2 3i/i, 

(A25) [[x 2 ,xi], [[[xi",x 2 ],x 2 ],x 2 ]] ~ (x 2 ) 2 g 2 f 2 g 1 f 1 , 

(A26) [[x 2 ,xi], [[xj",x 2 ], [[xf,x 2 ],x 2 ]]] - [[xj", x 2 ], x 2 }g 2 f 2 gifi, 

(A27) [[[xi,x 2 ],x 2 ],xj"] ~ 3i/ix|, 

(A28) [[[xi,x 2 ],x 2 ],x 2 ] ~ [xi,x 2 ], 

(A29) [[[xi,x 2 ],x 2 ], [x 2 ,xj"]] - gihg 2 f 2 x 2 , 

(A30) [[[xi,x 2 ],x 2 ], [x 2 , [x 2 ,xj"]]] - 1 -3i/i3i/ 2 2 , 

(A31) [[[xi,x 2 ],x 2 ], [x 2 , [x 2 , [x 2 ,xj"]]]] - x 2 , 

(A32) [[x 2 , [x 2 ,xi]],xj"] ~ x\, 

(A33) [[x 2 , [x 2 ,xi]],x 2 ] ~ 3 2 / 2 [x 2 , xi], 
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(A34) [[x 2 , [x 2 ,Xi]], [x^X^]] ~ X 2 , 

(A35) [[x 2 , [x 2 ,xi]], [[xi iX^x^}} ~ l-Si/iffl/l, 
(A36) [[x 2 ,[x 2 

■ • 7 -'l]]- [[[- r l i x 2 ]■ 2 '2 ]■ • Z '2 ]] ~ J *2 

(A37) [[x 2 , [x 2 ,xi]], [[x^,xj], [[arr^ali^a]]] ~ [^r^aL 
(A38) [[[[xi,x 2 ],x 2 ],x 2 ],Xj;] ~gi/ix|, 
(A39) [[[[xi,x 2 ],x 2 ],x 2 ],X2"] - [[xi,x 2 ],x 2 ], 
(A40) [[[[xi,x 2 ],x 2 ],x 2 ], [ X 2 , Xj 

]] ~ .91/152/2^1, 

(A41) [[[[xi,x 2 ],x 2 ],x 2 ], [ 

]]] ~ 51/152/2^2, 

(A42) [[[[xi,x 2 ],x 2 ],x 2 ], [ 

']]]] ~ (1 - .gi/l52/2)52/2, 

(A43) [[x 2 , [x 2 ,[x 2 ,xi]]],X2] ~g 2 / 2 [£ 2 ,[x 2 ,xi]], 

(A44) [[x 2 , [x 2 , [x 2 ,xi]]], [[^r,^],^]] ~ x 2 , 

(A45) [[x 2 , [x 2 , [x 2 ,xi]]], [[[^r,^]^^],^]] ~ 1 - 51/15I/2, 

(A46) [[[xi,x 2 ], [x 2 , [x 2 ,Xi]]],X2 ] - [x 2 ,xi] 2 +a 5 52/2[a:2,a;i] 2 +a652/2a;2[a:2,a;i]a;i + 
"752/2 [^2, [x 2 ,xi]]xi, 

(A47) [[[xi,x 2 ], [[xi,x 2 ],x 2 ]],X2"] ~ [xi,x 2 ] 2 , 

(A48) [[[xi,x 2 ], [[xi,x 2 ],x 2 ]],xj;] - 5i/i[[[:Ei,X2],X2],x 2 ]+a85i/iX 2 [[xi,x 2 ],x 2 ], 

(A49) [[[xi,x 2 ], [[xi,x 2 ],x 2 ]], [ x 2 , x^ 

(A50) [[[xi,x 2 ], [[xi,x 2 ],x 2 ]], [x 2 , [xj,xf]]] - [xi,x 2 ]. 

Now we are ready to apply Lemma 13.61 and see which spaces (it - ; v) are 
right coideal subalgebras and which ones are not. 

Since U+(q) and U~(g) (respectively u+(g) and u~(q)) have 12 (homoge- 
neous) right coideal subalgebras containing k[G] and k[F], from Lemma I3~5l we 
have 144 possible (homogeneous) right coideal subalgebras to study. 

From the formula ug — ^"(5)5^, g 6 G, we obtain that 

[k[G],LT] = k[G]U _ - LTk[G] = U~k[G]. 

Analogously [U + , k[F]] = k[,F]U + , and we have 23 right coideal subalgebras of 
the form k[F] <g> k [p-] k[H] <g> k [G] U + or U ®k[F] ® k [G] k[G], where U ± runs 
through the set of all right coideal subalgebras of quantum Borel subalgebras. 
From (Al), pageHU we get 

[xi,xl] = 1 -51/1 £ (xi) <g> k [F] k[H] (g) k[G ] (xi). 
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Using (A8) we have 

[x 2 ,x^\ = e (xj") ® k[F ] k[ff] ® k[G] (x 2 ) 

C (xj~) <g> k[F] k[iJ] <g> k[G] ([[[xi,x 2 ],x 2 ],x 2 ]) 

C (x7) ® k[F] k[if] O k[G] ([[xi,x 2 ],x 2 ]> 

C (xf) ® k[F] k[ff] ® k[G] ([[xi,x 2 ], [[xi, x 2 ], x 2 ]]) 

C (xr) ® k[F ] k[ff] ® k[G] ([xi,x 2 ]) 

C (x^) ® k[F] k[H] ® HG] U+{g). 

From (A38), 

[[[[xi,x 2 ],x 2 ],x 2 ],xj"] - gifixl 

S (x^) ® k[F] k[if] <g> k[G] ([[[xi,x 2 ],x 2 ],x 2 ]) 

C (x7) ® k[F] k[H] O k[G] ([[xi,x 2 ],x 2 ]) 

C (xr)<g> k[F ] k[#] ® k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]} 

C {x~} ® k[F] k[iJ] ® k[G] ([xi,x 2 ]) 

C (xr) ® k[F] k[H] ® k[G] 17+ (fl). 

With (A27), 

[[[xi,x 2 ],x 2 ],xf] - 3i/ix 2 

G (x7) ® k[F] k[H] <g> k[G] ([[xi,x 2 ],x 2 ]> 

C (xf) O k[F ] k[iJ] ® k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]) 

C (xr) (g) k[F ] k[ff] ® k[G] ([xi,x 2 ]} 

C (xr) ® k[F] k[H] ® k[G] 17+ (fl). 

Using (A48), 

[[[xi,x 2 ], [[xi,x 2 ],x 2 ]],x7] - 5i/i[[[xi,x 2 ],x 2 ],x 2 ] + a5i/ix 2 [[xi,x 2 ],x 2 ] 

€ (xj") ® k[F] k[iJ] <8> k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]} 
C (xr) ® k[F ] k[ff] ® k[G] ([xi,x 2 ]} 
C (xr) ® k[F] k[H] ® k[G] 17+ (fl). 

The equation (A17) provides 

[[xi,x 2 ],xr] ~ gi/ix 2 e (xr> ® k [ F ] k[if] ® k[G] ([xi,x 2 ]> 
C (x7) ® k[F] k[ff] ® k[G] t/+( ). 

Then, we have 7 right coideal subalgebras: 

Y24. (x7) ® k[F] k[iJ] ® k[G] (xi), 

Y25. (xi) ® k[F] k[iJ] ® k[G] (x 2 ), 
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Y26. fa) <8> k[F] k[#] ® k[G] <[[[xi,x 2 ],x 2 ],x 2 ]}, 

Y27. (xf ) ® k[F ] k[#] ® k[G] ([[xi,x 2 ],x 2 ]), 

Y28. (xj") ® k[F] k[i?] ® k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]), 

Y29. (xf) ® k [F] k[i2] ® k[G] ([xi,x 2 ]), 

Y30. (xi) ® k[F] k[JZ] ® k[G] C/+(g). 

Analogously, from (A2), (A9), (A18), (A22), (A28), (A33), (A39), 

(A43) and (A47) we have another 6 right coidcal subalgebras: 

Y31. (jca ) ® k[F] k[JZ] ® k[G] (x 2 ), 

Y32. (x~) ® k[F] k[H] ® k[G] (xi), 

Y33. (x^) ® k [F] k[i2] ® k[G] ([x 2 ,xi]), 

Y34. (x^) <g> k[F] k[if] <8> k[G] ([x 2 , [x 2 ,xi]]), 

Y35. (x^) ® k [ F ] k[i?] ® k [ G ] ([x 2 , [x 2 , [x 2 ,xi]]]}, 

Y36. (za ) ® k[F] k[ff] ® k[G] C/+( ). 

Using (All), (A19), (A29), (A40) and (A49), and the already analyzed 
cases, we obtain 5 more right coideal subalgebras: 

Y37. ([x2,Xi]} ® k[F] k[H] ® k[G] (x 2 ), 

Y38. ([x~,x~]) ® k[F] k[H] <g> k[G] ([[[xi,x 2 ],x 2 ],x 2 ]), 

Y39. ([x^,xi]) ® k[F] k[H] ® k[G] ([[x!,x 2 ],x 2 ]), 

Y40. ([a^,^]) ® k[F] k[H] <g> k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]), 

Y41. {[x2,Xi]) ® k[F] k[i?] ® k[G] ([xi,x 2 ]). 

With (A13), (A30) and (A41) we also have: 
Y42. {[X2,[x2,xi]}) <g> k[F] k[H] <g> k[G] (x 2 ), 
Y43. ([x2 , [x2,Xi]}) <8» k [F] k[iJ] <8> k [ G ] ([[[xi, x 2 ], x 2 ], x 2 ]), 
Y44. ([xa", [X2",x^]]} <g> k[F] k[iJ] <g> k[G] ([[xi, x 2 ], x 2 ]}. 

From (A15) and (A42) we get 2 new right coideal subalgebras: 
Y45. ([x 2 , [X2, [X2 ,Xi\]\) ® k[F] k[H] ® k[G] (x 2 ), 
Y46. ([x 2 , [xa, [x2,x]"]]]) <g> k[F] k[H] ® k[G] ([[[xi, x 2 ], x 2 ], x 2 ]}. 
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Using (A6), (A25), (A36) and (A45) we obtain the following right coideal 
subalgebras: 

Y47. ([[[xj" ,X2 ],X2 ],X2 ]) ®k[F] k[i?] ® k [G] (^l), 

Y48. ([[[x]",X2 ],X2 ],X2 ]) <S>k[F] k[ff] <8> k[G] ([x 2 ,xi]}, 

Y49. ([[[xf,X2 ],X2"],X2"]) O k [F] k[H] ®k[G] ([^2, [x 2 , xi]]), 

Y50. ([[[x]",X2 ],X2 ],X2 ]) <g> k [F] k[F] ® k[G] ([x 2 , [x 2 , [x 2 ,xi]]]}. 

With (A5), (A24) and (A35) we have also: 

Y51. ([[x^x^x^]} <8> k [F] k[iJ] <g> k[G] (xi), 

Y52. ([[xf ,X2],X2"]) ® k [F] k[iJ] <g> k[G] ([x 2 ,xi]), 

Y53. ([[xf ,X2 ],X2"]} <8» k[F ] k[iJ] <g> k[G] ([x 2 , [x 2 ,xi]]}. 

From (A7) and (A26) we get that the following possibilities are actually 
right coideal subalgebras: 

Y54. ([[x^Xj ], [[xi,X2 ],X2 ]]) <8> k [F] k[i?] <8> k[G] (xi), 
Y55. ([[xf.xj ], [[^^2 l.^J]]} ®k[F] k[if] <8> k[G] ([x 2 ,xi]). 

Using (A3) and (A23) we obtain: 
Y56. ([x~,x~]) ® k[ _F] k[i?] <g> k[G] (xi), 
Y57. ([x^,X2~]) ®k[ F ] k[i?] <g> k[G] ([x 2 ,xi]). 

Finally, from (Al) to (A3), (A5) to (A10), (A12), (A14) and (A16), 

we have: 

Y58. U-(q) ® k[F] k[H] <S> k[G] (xi), 

Y59. U-(q) ® k[F] k[H] ® k[G] (x 2 ). 

We have 59 right coideal subalgebras so far. Adding the trivial case U q (s) = 
U~{q) <8> k [F] k[iJ] <8» k [G] Ug(o) we complete 60. With these right coideal sub- 
algebras we obtain the 4 suggested lattices. Notice that some right coideal 
subalgebras may appear on two or more of those four figures. For example, 
C / ^(0)®k[F]k[i?](8) k [ G ]C/+(0) is in all four figures, and E/"~(0)® k [F]k[-ff]®k[G] (xi) 
is in two. 

To complete the proof of this theorem, we still have 84 cases to consider. 
Now we will see that these cases are not right coideal subalgebras. 
From (A21), [[x 2 , xi], x^~] ~ x 2 and 

X2 <^([[xi,x 2 ], [x 2 , [x 2 ,xi]]]) 2 
([x 2 , [x 2 , [x 2 ,xi]]]) 2 

([x 2 , [x 2 ,Xl]]) 3 ([x 2 ,Xl]), 

so we exclude the following 24 cases: 
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Nl. < 


®k[F] k[iJ] ® k[G ] ([x 2 ,xi]), 


N2. { 


Xi) <8> k [F] k[iJ] <g> k[G] ([x 2 , [x 2 ,xi]]), 


N3. { 


x^} <g> k[F] k[iJ] <g> k[G] ([x 2 , [x 2 , [x 2 ,xi]]]), 


N4. { 


x x ) (g 


k[F] 


k[#] <8»k[G] ([[a;i,x 2 ], [x 2 , [x 2 ,xi]]]), 


N5. ( 


|x 2 , X 


rl> 


8>k[F] k[iJ] ® k[G] ([x 2 ,xi]), 


N6. { 


|x 2 , X 


r]) ®k[F] k[iJ] <g> k[G] ([x 2 , [x 2 ,xi]]), 


N7. { 


|x 2 , X 


rl) ®k[F] k[iJ] <g> k[G] ([x 2 , [x 2 , [x 2 ,xi]]]}, 


N8. { 


|x 2 , X 


rl) ®k[F] k[i?] <8> k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]), 


N9. ( 


[x 2 , [x 2 , Xl ]]) ® k[F] k[i?] ® k[G] ([x 2 ,xi]), 


N10. 


([ x 2 ' 


\ x 2 


x i}}) ®k[F] k[iJ] ® k[G] ([x 2 , [x 2 ,xi]]), 


Nil. 


([^2 J 


\ x 2 


x l]]) ®k[F] k[i?] ® k [ G ] ([x 2 , [x 2 , [x 2 ,xi]]]}, 


N12. 


([ x 2 J 


\ x 2 


a^r]]) ®k[F] k[iJ] ® k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]), 


N13. 


([ x 2 ' 


\ x 2 


l x 2' X l}}}) ®k[F] k[i?] ® k[G] ([x 2 ,xi]), 


N14. 


([ x 2 i 


\ x 2 


[x^x^]]]) ® k[F] k[i?] ® k[G] ([x 2 , [x 2 ,xi]]), 


N15. 


([ x 2 ' 


\ x 2 


[x2",x^]]]) ® k[F ] k[i?] ® k[G] ([x 2 , [x 2 , [x 2 ,xi]]]), 


N16. 


([ x 2 ' 


\ x 2 


[x 2 ,x]~]]]) ® k[F] k[H] ® k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]}, 


N17. 




x 2 . 


, [x 2 , [x 2 ,x x ]]]) <g> k[F] k[i?] (g) k[G] ([x 2 ,xi]), 


N18. 


([[ X l 


x 2 . 


, [x 2 , [x 2 ,x x ]]]} <g> k[F] k[i?] <g> k[G] ([x 2 , [x 2 ,xi]]), 


N19. 


([[ x l 


x 2 . 


, [x 2 , [x 2 ,x 1 ]]]} <g> k[F] k[ff] <g> k[G] ([x 2 , [x 2 , [x 2 ,xi]]]), 


N20. 


([[*! 


x 2 . 


, [x 2 , [x 2 ,x x ]]]) <g> k[F] k[H] (g) k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]) 



N21. U~(q) ® k[F] k[fl] ® k[G] ([x 2 ,xi]}, 
N22. ?7-( ) ® k[F] k[#] ® k[G] ([x 2 , [x 2 ,xi]]), 
N23. U-(g) ® k[F] k[#] ® k[G] ([x 2 , [x 2 , [x 2 ,xi]]]>, 
N24. U~(g) ® k[F] k[#] ® k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]). 

From (A39), [[[[xi, X2], X2], X2], x^ \ ~ [[xi, X2], X2]. So, since we have 
[[xi,x 2 ],x 2 ] ^ ([[[[xi,x 2 ],x 2 ],x 2 ]), 
we exclude two more cases: 
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N25. (x^) ® k [F] k[H] ®k[G] ([[[[xi,x 2 ],x 2 ],x 2 ]), 
N26. C/-( ) ® k[F] k[#] (gi k[G] <[[[[xi,x 2 ],x 2 ],x 2 ]}. 

Using (A28), we obtain [[[xi, x 2 ], x 2 ], x^] ~ [xi,x 2 ]. From the fact that 
[xi,x 2 ] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]) D ([[xi,x 2 ],x 2 ]), 
we eliminate the following possibilities: 
N27. (x 2 ) ® k[F ] k[if] ® k [G] ([[[xi,x 2 ],x 2 ]), 
N28. (x 2 ) ® k [F] k[fl] ® k [G] ([[[xi,x 2 ],x 2 ]), 
N29. C/-(fl) ® k [F] k[i?] ® k [G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]), 
N30. C/-(fl)®k[F]k[iJ]® k [G] ([[xi,x 2 ],[[x l7 x 2 ],x 2 ]]). 

With (A18) we have [[xi,x 2 ],x 2 ] ~ xi, excluding: 
N31. (x 2 ) ® k [F] k[i2] ® k [G] ([xi,x 2 ]), 
N32. U~(g) (8) k [F] k[i7] ® k[G] ([x 1; x 2 ]}. 

From (A14), [x 2 , [[[xj~,x^"],x^"],x^]] ~ [[xf, x^], x^], what eliminates: 
N33. ([[[[x^x^x^x^]} ® k [F] k[H] O k [G] (x 2 ), 
N34. ([[[[xr , x 2 ] , x 2 ] , x 2 

]} ®k[F] k[77] ® k [ G ] ([[[xi,x 2 ],x 2 ],x 2 ]), 
N35. ([[[[x^x^x^.x^]) ® k[ F] k[i7] ® k [G] ([[xi,x 2 ],x 2 ]}, 
N36. ([[[[x^,X2 ],Xa ],Xa ]) ®k[F] k[i2] O k [G] ([[xi,x 2 ], [[xi, x 2 ], x 2 ]]), 
N37. ([[[[x^x^x^ ],x 2 ]) ® k [F] k[H] ® k [G] ([xi,x 2 ]>, 
N38. ([[[[x^x^x^xj]) ® k [F] k[fl] ® k [G] U+(g). 

In (A12) we have [x 2 , [[x^, x^], x^]] ~ [x^x^], and we exclude: 
N39. ([[[xr,x 2 ],x 2 ]) ® k [F] k[i2] O k [G] (z 2 ), 
N40. ([[[xj",x 2 ],x 2 ]) ® k [F] k[H] (g) k [ G ] ([[[xi,x 2 ],x 2 ],x 2 ]), 
N41. ([[[xj",x 2 ],x 2 ]) O k [F] k[i?] ® k [G] ([[xi,x 2 ],x 2 ]), 
N42. ([[[x^x^x^]) ® k[F ] k[iJ] ® k [G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]), 
N43. ([[[xr,X2"],X2]) ® k[ F] k[i7] O k[G] ([xi,x 2 ]), 
N44. ([[[x^x^]^]) O k[ F] k[fl] ® k[G] 17+ (fl), 
N45. ([[x^x^], [[[x^Xj]^]]) <8>k[F] k[7f] <8> k [ G ] (x 2 ), 
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N46. ([[x 1 ,x 2 }, [[[x 1 ,x 2 },x 2 ]]) ® k[F] k[H] <8> k[G] ([[[xi, x 2 ], x 2 ], x 2 \), 

N47. {[fa ]]) ®k[F] k[-ff] ® k [G] ([[zi,£2],x 2 ]), 

N48. ([[xr ]]) ®k[F] k[iJ] ® k[G] ([[xi,x 2 ], [[xi, x 2 ], x 2 ]]), 

N49. ([[arf.ajg], [[[x^x^x"]]) (g> k[F] k[iJ] <g> k[G] ([xi,x 2 ]), 

N50. ([[xj",a; 2 ], [[[^^2 1.^2 ]]> ®k[F] k[ff] <8> k[G] f/+(fl). 

Using (A10), we know that [x 2 , [xj~, x 2 ]] ~ x^~ and eliminate 6 more possi- 
bilities: 

N51. ([xi,x 2 ]) ® k[F] k[fl] ® k[G] (x 2 ), 

N52. ([a;f ,^2]) <g> k[F] k[ff] ® k[G] ([[[xi, x 2 ], x 2 ], x 2 \), 

N53. ([xi,x 2 ]) O k[F ] k[i2] ® k[G] ([[xi,x 2 ],x 2 ]), 

N54. (g) k[F] k[#] ® k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]}, 

N55. ([x^x^]} O k[F] k[if] ® k[G] ([xi,x 2 ]), 

N56. ([xr,%]> ®k[F] k[fl] ® k[G] f7+( ). 

The equality given by (A4) implies [xi, [x^xj"]] ~ x 2 , excluding the cases: 

N57. ([x2,xr]> O k[F ] k[H] ® k[G] (xi), 

N58. ([X2,xr]> ® k[ F] k[fl] ® k[G ] 

N59. ([X2 , [x 2 ,x7]]) ® k[F] k[if] ® k[G] (xi), 

N60. ([X2 , [X2 ,xf]]) ® k[F] k[fl] <gi k[G] C/+( ), 

N61. ([X2 , [X2 , [X2 ,xj"]]]) ® k[F] k[H] ® k[G] (xi), 

N62. ([X2 , [X2 , [X2 ,x7]]]} ® k[F] k[i2] ® k[G] U+(s), 

N63. ([[xf,X2"], [X2 , [X2 ,Xj"]]]) ® k[F] k[H] ® k[G] (xi), 

N64. ([[xr,X2"] 5 [X2 , [X2 ,x7]]]> ® k[F] k[i?] ® k[G] L/'+fo). 

From (A44) we know that [[x 2 , [x 2 , [x 2 ,xi]]], [[x^ , x 2 ], x 2 ]] ~ x 2 , what elim- 
inates: 

N65. ([[xr,X2"],X2 ]) ®k[F] k[£f] ® k[G ] ([x 2 , [x 2 , [x 2 ,xi]]]>, 

N66. ([[xf,X2"],X2 ]) ® k [F] k[i2] <S> k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]). 

With (A37) we have [[x 2 , [x 2 , xi]], [[xj~, x^], [[xj~, x^], x 2 ]]] ~ [x^x^], and 
we obtain that 
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N67. ([[xi ,xz],[[xi ,X2},Xz}}) ® k[F] k[H] ® k[G] ([x 2 ,[x 2 ,xi]]), 
N68. ([[x^x^], [[x^Xa].^ ]]) ®k[F] k[i?] ® k [ G ] ([x 2 , [x 2 , [x 2 ,xi]]]), 

N69. ([[x^x^], [[^r^a]'^]]) ®k[F] k [#] ®k[G] ([[^l,^], [«2, [2:2,2:1]]]}, 

are not right coideal subalgebras. 

From the equality in (A34), [[x 2 , [x 2 ,xi]], [%i,% 2 ]] ~ x 2 , and the following 
cases are excluded: 

N70. ([ajijsj]} ® k[F] k[#] ® k[G] ([x 2 , [^2,^1]]), 

N71. ([x^x^]) <g> k[F] k[iJ] ® k[G] ([x 2 , [x 2 , [x^xi]]]}, 

N72. ([x^x^]} <g> k[F] k[H] <g> k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]). 

In (A31) we have [[[xi, x 2 ], x 2 ], [x^, [x^T, [x^, x^]]]] ~ x^, eliminating the 
cases: 

N73. ([xj, [x 2 , [a: 2 ,x^]]]) ® k[F] k[/f] <g> k[G] ([[xi, x 2 ], x 2 ]), 

N74. ([[X]",X2 ], [X2 , [X2 ,X]"]]]) <8> k[F ] k[iJ] <g> k[G] ([[xi,x 2 ],x 2 ]}. 

Using (A50) we obtain [[[xi,x 2 ], [[xi,x 2 ],x 2 ]], [x^, [a^^jXj - ]]] ~ [xi,x 2 ], what 
excludes: 

N75. ([xj , [x 2 ,«r]]} ®k[F] k[if] ® k [ G ] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]), 
N76. ([xj, [xj, [xa ,xf]]]) ® k[F] k[F] ® k[G] ([[xi,x 2 ], [[xi,x 2 ],x 2 ]]), 
N77. ([[x]",X2 ], [X2 , [x 2 ,x^]}}) <g> k[F] k[iJ] <g> k[G] ([[xi,x 2 ], [[xi, x 2 ], x 2 ]]). 

With (A20), we have [[xi,x 2 ], [x^, [x^xj - ]]] ~ x% , and we eliminate: 
N78. ([X2 , [x 2 ,x^]]) ® k[F] k[H] <g> k[G] ([xi,x 2 ]), 
N79. ([xj, [xj, [ajj.x^]]]) ® k[F] k[F] ® k[G] ([xi,x 2 ]), 
N80. ([[xf ,X2 ], [X2 , [X2 ,x^]]]) <g> k[F ] k[iJ] <g) k[G] ([xi,x 2 ]). 

For the last 4 cases we are going to use Proposition 12.61 From (A46), 

[[[xi,x 2 ], [x 2 , [x 2 ,xi]]],X2 ] ~ [x 2 ,xi] 2 +ai5 2 / 2 x 2 [x 2 ,xi]xi+a 2 5 2 / 2 [x 2 , [x 2 ,xi]]xi + 
ot^g 2 f 2 [x 2 , xi] 2 . Since x 2 £ ([[xi, x 2 ], [x 2 , [x 2 , xi]]]), using the proposition, we 
exclude: 

N81. (x^) ® k[F] k[H] ® k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]), 

N82. {[[[xi ,x 2 ],x^],x^]) ® k[F] k[H] <g> k[G] ([[xi,x 2 ], [x 2 , [x 2 ,xi]]]). 

Analogously, from (A16) we have [x 2 , [[x^jXj], [x 2 , [x 2 ■, x^]]]) ~ [x 2 ',x^] 2 + 
ai[x2",xj"] 2 5 2 / 2 + a 2 [x 2 ,[x 2 ,x^[}]x^ g 2 f 2 + a 3 ai 2 [x^ , xj^x^f # 2 / 2 . As we know 
that x^ ^ ([[^Tj x 2 }> \ x 2i \ x 2 i x r]]])j again from Proposition 12.61 we eliminate 
the hnal possibilities: 
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N83. ([[x 1 ,x 2 }, [x 2 , [x 2 1 x 1 ]]]} <8> k [F] k[ii] <8> k[G ] (x 2 ), 

N84. ([[x^x^], [x 2 , [x 2 ,x^]}}) <E> k[F] k[H] <g> k[G] ([[[xi, x 2 ], x 2 ], x 2 ]). 

Now we have showed that the first 60 cases are the only (homogeneous) right 
coideal subalgebras of U g (o) (respectively, Uq(fl)) that contain k[ii]. The theo- 
rem is proved. □ 



Appendix 

In this appendix we are going to calculate the skew commutators that are 
listed in the previous section. Below by u, v, w we denote homogeneous linear 
combinations of words in x±, x 2 , . . . x„, while u~ , v~ , w~ are the elements that 
appeared from u,v,w by replacing all Xj with x~. 
We notice that, from Definition 12.101 we have: 

p(u,v)=p uv , p(u,v~) = p va , p(u~,v)=p~£, p(u~,v~)=p~£. 

We also have the following relations, that are a consequence of (JSJ and ©: 



Xlffl = PnfflXi, 


Xl92 = Pl2ff2Xl, 


Xl/l 


= Pll/lXl, 


x\f 2 = 


: P2l/2Xl, 


X 2 ffl = p 2 iffix 2 , 


x 2 g 2 = p 22 g 2 x 2 , 


X2fl 


= Pl2/lX 2 , 


X 2 .f 2 = 


'P2 2 f 2 X 2 , 


9l x~ =pnXigt, 


52xr =Pi2x^g 2 , 


flXi 


= puxTfi, 




= P2lXif 2 , 


gix 2 = p 21 x 2 g 1 , 


g 2 x 2 = p 22 x 2 g 2 , 


hx 2 


= Pl2X 2 fl, 


hx 2 


= P2 2 X 2 f 2 . 


where p 22 — q, pn — 


q 3 , P\2P 2 \ = q~ 3 - 











For simplification, we are also going to use the formulas, see [7] page 2612: 



[[u,v], w ] = [u,[v,w ]]+Pwv[[u,w ],v], 
[u, [v~,w~]] = [[u,v~],w~] +p vu [v~, [u,w~]], 
[u ■ v,w] = p vw [u, w] ■ v + u ■ [v,w], 
[u, V ■ w] = [tt, v] ■ W + PuvV ■ [u, wj. 

Now we are ready to calculate the skew-commutators. 

(Al) [x^x^] = 1 - gift, 
(A2) [xi,x^] =0, 
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(A3) [x 1 ,[x 1 ,x 2 ]] = [[x 1 ,x 1 ],x 2 ]+p 11 [x 1 , [x-i,x 2 ]] = (1 - g 1 f 1 )x 2 -x 2 (l- 
9i h) = -9ihx 2 +x 2 gifi = ~Pi2P2ix 2 gifi+x 2 gifi = {l-q~ 3 )x 2 g 1 f 1 , 

(A4) [x!, [x 2 ,Xi]] = [xi,x 2 x^]-p^ 2 [xi,x^x 2 ] = [x 1 ,x 2 ]x^+p2ix 2 [xi,x^]- 
Pi 2 [x!,Xi]x 2 -p^ 2 1 p 11 x^[x 1 ,x 2 ] = p 21 x 2 (l -gi.fi) ~Pi 2 {l ~9ih)x 2 = 
P2ix 2 -P2ix 2 gi.fi-Pi 2 x 2 + P i 2 1 p 12 p 21 x 2 g 1 f 1 = {p 2 i-Pi 2 )x 2 =p 2 i{l- 

q 3 )x 2 , 

(A5) [xi, \[x^,x 2 ],x 2 ]] = [[xx, [xi,x 2 ]],x 2 ] +p 11 p 21 [[x^ ,x 2 ], [x!,x 2 ]] = (1 - 
<l~ 3 )x 2 gifix 2 -p 22 x 2 (l-q- 3 )x 2 gifi = (l-q- 3 )(p 12 p 21 -p 22 )(x 2 ) 2 51/1 = 
- q -\l-q-*){l-q- 3 ){x 2 Y gi h, 

(A6) [x u [[[x^ 

! x 2 ] , x 2 ] , x 2 }] = [[xi,[[x^ ,x 2 ],x 2 }},x 2 ]+Pupl 1 [[[x 1 , x 2 ], x 2 ], [xx,x 2 }} = 

q~ 3 (l - q- 1 )^ - 9 - 2 )(l - q- 3 )(x 2 ?gih, 

(A7) [xi, [[xi,x 2 ], [[xi,x 2 ],x 2 ]}] = [[x lt [xi,x 2 ]], [[xi,x 2 ],x 2 }}+pnp2i[[xi,x 2 ], [x lt [[x^,x 2 },x 2 ]}] = 
{l-q- 3 )x 2 gifi[[x^ ,x 2 ],x 2 ]-(l-q- 3 )pupl 1 p^p 2 2 p^ 2 1 p 22 [[x^,x 2 ],x 2 }x 2 g 1 f 1 - 
PiiP2iq~ 1 (l-q~ 3 )(l-q~ 2 )[xi,x 2 ]{x 2 ) 2 g 1 f 1 +pnp2iPiiP 2 iP 2 iP 22 2 q~ 1 (l- 
q~ 3 )(l - q- 2 ){x 2 ) 2 gih[x^,x 2 ] = (1 - q- 3 )q 6 q- 6 x 2 [[xi , a;^" ], % ]sn/i - 
P2iq{i-q~ 3 )([[[xi,x 2 },x 2 ],x 2 ]+p 2 ^q- 2 x 2 [[x^,x 2 ],x 2 ])g 1 f 1 -p 2 iq 2 (l- 
9" 3 )(l-9" 2 )([[[^r ,x 2 },x 2 },x 2 }+p 12 q(l+q)x 2 [[x^,x 2 },x 2 ]+p 2 12 q 4 (x 2 ) 2 [x^,x 2 })g 1 f 1 + 
Pi2(l - <T 3 )(1 - g- 2 )9 6 ^ 3 (^) 2 [^r,^]5i/i - (1 - T 3 )(l - T 1 - (1 - 
9 2 )( 1 +?)) a; 2 ii x i ,x 2 ],x 2 }gifi-P2iq(l-q 3 )(l+q(l-q 2 ))[[[x 1 ,x 2 ],x 2 ],x 2 )gih+ 
Pi2(i-q' 3 )(i-q' 2 )(q 3 -q 3 )(x 2 ) 2 [x^,x 2 }g 1 f 1 = fx 2 [[xi ,x 2 ],x 2 ] gi fi- 

P2ig(l - 9~ 3 )(1 +Q- q^ 1 )^^ ,x 2 ],x 2 ],x 2 ]g 1 f 1 , 
(A8) [ar 2 ,a:j:] = 0, 
(A9) [#2,0:2] = 1 -52/2, 

(Aio) [#2, [^r,^]] =pi2(i - g 3 )»r. 

(All) [#2, [2^,2^]] = (1 - q~ 3 )xig 2 .f2, 

(A12) [#2, [[#;">%]> %]] = [^2, [a:r> a;: 2 _ ] a; 2"]--P21 1 P22 1 [ a; 2,a:2 _ [ a; r J a; 2"]] = [^2, [^f > a; 2]] a; 2 + 

P^^^r^H^, x 2 ]-p 2 ip 22 [x 2 , x 2 \\xl ,x 2 \~p 2 lp 22 p 22 x 2 \x 2 , \Xy,X 2 }] = 
Pl2(l-q 3 )XiX 2 + Pl2P22[Xi ,x 2 ](l - g 2 f 2 ) -p 2 xP 22 {l - g2h)[ x i , x 2 ] - 
P22P2iP22X 2 Pi2{l-q 3 )x^ = p 12 (l-q 3 )[xi ,x 2 ]+p 12 q[xi , x 2 ]-p 12 q 2 [x^ ,x 2 ]- 
Pi2q[xi,x 2 ]g 2 f 2 + Pi2q 2 g2f2[xl,x 2 ] = (pi 2 q 4 q~ 3 - Pi2q)g2f2[xi , x 2 ] + 
Pi2(l + q-q 2 - q 3 )[x^,x 2 ] =f>i 2 (l +?)(!- g 2 )^^^], 

(A13) [#2, [x 2 , [x 2 ,Xi]]] = [x 2 ,x 2 [x 2 ,x^]]-p 22 p^ 2 [x 2 , [x 2 ,x^]x 2 ] = [x 2 , x 2 ][x 2 , x±]+ 

P22X 2 [x 2 , [x 2 ,Xi}]-p 22 Pi 2 [x 2 , [x 2 ,Xi]]x 2 -p 22 Pi 2 P22Pl2[x 2 ,Xi][x2,X 2 ] = 
(1 -02/2) [x 2 ,X^\ +P22X 2 (1 - q- 3 )x^g 2 f 2 -p 22 Pi 2 (l - q- 3 )x^g 2 f 2 x 2 - 
[x 2 ,Xi](l - g 2 f 2 ) = [x 2 ,Xi] - g2.f2[x 2 ,x^] + p 22 (l - q- 3 )x 2 x^g 2 f 2 - 
P22Pi 2 (l-q~ 3 )xiX 2 g 2 f 2 -{x 2 ,Xi] + {x 2 ,x^]g 2 f 2 = (l-q' 1 )^ , x^]g 2 f 2 + 
?(! - q~ 3 )[x 2 ,x~]g 2 f 2 = (1 + q){l - q- 2 )[x 2 ,x~]g 2 f 2 , 



25 



(A14) [x 2 , [[[x 1 ,x 2 ],x 2 },x 2 ]] = [x 2 , [[x 1 ,x 2 },x 2 }x 2 \-p 22 p 2 l\x 2l x 2 [[x 1 ,x 2 },x 2 ]] = 
[x 2 , [[Xi ,x 2 ],x 2 ]]x 2 +Pi2Pl 2 [[x 1 ,x 2 ],x 2 ][x 2 ,x 2 ]-p 22 P 2 i[x 2 , x 2 ] [[x 1 , x 2 ], x 2 ] 
P 22 2 P 2 lP2 2 x 2 [x 2 , [[x~ ,x 2 ],x 2 }} = p 12 (l+q-q 2 -q 3 )[x- ,x 2 ]x 2 +p 12 p 2 : 2 [[x- ,x 2 ],x 2 ] 
(1 - .92/2) - p 22 p 2 i(l - g 2 f 2 )[[x~ ,x 2 ],x 2 ] - p 2 iP 22 Pi 2 (l + q - q 2 - 
q 3 )x 2 [xi , x 2 ] = Pi 2 {l+q-q 2 -q 3 ) [[x^ , X 2 ], x 2 ] + (p 12 q 2 -p 12 q) [[x^ , X 2 ], x 2 ]- 
{pm 2 -pi 2 q 2 )[[xi,x 2 ],x 2 ]g 2 f 2 =pi 2 (l - q 3 )[[xi,x 2 ],x 2 ], 

(A15) [x 2 , [x 2 , [x 2 , [x 2 ,x^]}}} = [x 2 ,x 2 [x 2 , [x 2 ,x^]}]-p 22 p^ 2 [x 2 , [x 2 , [x 2 , x~{ ]]x 2 ] = 
[x 2 , x 2 ] [x 2 , [x 2 , x 1 

']]+022X 2 [x 2 , [ x 2 , [x 2 , x^ ]]] p 22 p 12 [x 2 , [ X 2 , [X 2 , X-y 

P22 2 Pl2 1 P22Pl2[«2 \ X 1 . X l ]] [^2 , X 2 ] = (1 - g 2 f 2 )[x 2 ,[x 2 ,X ± ]] +022(1+?- 

q- 1 - q- 2 )x 2 [x 2 ,x^]g 2 f 2 -p 22 Pi 2 {l + q - q^ 1 - q~ 2 ) [x 2 , X^]g 2 f 2 X 2 - 
[x 2 , [x 2 ,Xi]](l - 32/2) = 022(1 + q - q- 1 - q- 2 )[x 2 ,[x 2 ,Xy]]g 2 f 2 = 
q 2 (l - q~ 3 )[x 2 , [x 2 ,x^]}g 2 f 2 , 

(A16) [x 2 , [[x~,x 2 }, [x 2 , [x 2 ,x^]]}] = [[x 2 , [x^,x 2 ]], [x 2 , [x 2 ,x^]]]+p 12 p 22 [[x^ ,x 2 ], 
[x 2 , [x 2 , [x 2 ,Xi]]}] = p 12 {l-q 3 )x^ [x 2 , [x 2 ,x^])-pl 2 pi 2 p 2 2 p 22 p^p^ 2 p 12 {l- 
q 3 )[x 2 , \x 2 ,x^x\+p 12 p 22 {\+q-q- x -q- 2 )\x\ ,x 2 \\x 2 
q- q^ 1 - q~ 2 )[x 2 , Xy]g 2 f 2 [xi , x 2 ] = pi 2 (l-q 3 )(p 12 q 2 (l-q- 2 ){x 2 ,a+] 2 + 
Pl 2 q 3 [ x 2 , [x 2 , Xi]]Xi) - p 3 12 q 3 (l - q 3 )[x 2 , [x 2 , Xi]]Xi +0i 2 g(l + q - q^ 1 - 

9 _2 )(0i2(l-9 3 )x2 _ xf-0i2[x2 _ ,«r])[ x 2 _ ^r]ff2/2-0i2(l+9-9 _1 -9 _2 )[a;2",a;r]9 _1 (? 5 i2(l- 
q 3 )x 2 x^ -pi 2 [x 2 ,Xi])g 2 f 2 =p 2 12 q 2 {l-q 3 ){l-q- 2 )[x 2 ,x^] 2 -p 2 2 q{l + 

9)(l-9 _2 ) 2 [^> a; r] 2 52/2-0i2(l+9)(l-9 3 )(l-9 _2 )[^ J [x 2 ,Xi}]x^g 2 f 2 - 
012(1 + q)(l - q 3 )(l - q 4 )(l - q' 2 )x 2 [x 2 , x^]x^g 2 f 2 , 

(A17) [[m,^],^] = [xix 2 ,x^] - pi 2 [x 2 x\,x^] = p\ 2 [x\,x^ ]x 2 + xi[x 2 , x^] - 
0i20u [x 2 ,x^]x 1 - pi 2 x 2 [xi,Xi] = 012(1 - gifi)x 2 -012x2(1 -gili) = 
2 202iSi/ix 2 -P\ 2 gi!\x 2 = -012(1 - q~ 3 )gif\x 2 , 

(A18) [[xi,a;2],X2 ] = [xix 2 ,x 2 ] - pi 2 [x 2 xi,x 2 ] = p 22 [x\,x 2 ]x 2 + xi[x 2 ,x 2 ] - 

012021 [X 2 , X 2 }X! ~ Pl 2 X 2 [xi,X 2 ] = Xi(l - g 2 f 2 ) -01202l(l ~ g 2 .f 2 )xi = 

(l-q- 3 )x u 

(A19) [[xi,x 2 ], [x2,xf]] = [xix 2 ,[x 2 ,x^]]-pi 2 [x 2 xi,[x 2 ,x^}\ = 012022 [x\, [x 2 , x^]]x 2 + 

Xi[x 2l [x 2 _ ,.T ] ;]]-0i 2 0ii02l[x2, [x 2 _ ,^r]] a;: l^-Pl22:2[a;i, [xJ,Xf]] =0120219(1- 

q 3 )x 2 x 2 + (1 - q~ 3 )xix^[ g 2 f 2 - (1 - q~ 3 )x±g 2 f 2 xi -pi 2 p 2 \q(\ - q 3 )x 2 x 2 = 
(q 3 - 1)2+2+92/2 + (1 - q^)g 2 h - (1 - q~ 3 )gifmf2 - (1 - q' a )x^g 2 f 2 xi - 
q- 3 (l - q 3 ) + 9 - 3 (l - g 3 ).g 2 /2 = (1 - 9" 3 )(1 - .91/1.92/2), 

(A20) [[£1,3:2], [x 2 , [x 2 ,Xi]]] = [[[x!,x 2 ],x 2 ],[x 2 ,Xi]]+p 21 p 22 [x 2 ,[[xi,x 2 ],[x 2 ,Xi]}] = 
(1 -q- 3 )xi[x 2 ,x^] - p 2 ip 22 pnPi 2 p 22 Pi 2 (l - q~ 3 )[x 2 ,x^]x 1 +021022(1 - 
9 _3 )^(1 -.91/132/2) -021022(1 - q~ 3 )p 2 iP 22 P 22 Pl 2 (l -gifig 2 f 2 )x 2 = 
(1 - q- 3 )[x u [x 2 ,Xi]] +021022(1 - q- 3 )(l - q)x 2 = 2i (l - g+ 3 )(l - 
q- 3 )x 2 +0210229(1 - 9~ 3 )(1 - q)x 2 =02l(l + q)(l - q 2 )(l - q- 3 )x 2 , 

(A21) [[x 2 , Xl ],Xi] = (l-q- 3 )x 2l 

(A22) [[a;2,a;i],X2] = -0 2 i(l - q~ 3 )g 2 f 2 xi, 

(A23) [[x 2 , Xl ], [xi,x 2 ]} = (1 - q- 3 )(l - 52/251/1), 
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(A24) [[x 2 ,Xi], [Xi,X2],X2] = [{[x 2 ,Xi], fa ,X2~]],X2]+Pl2PllP22P2l[[Xi ,X^\, [[x 2 , X\\ , X 
(1 - 5 _3 )(1 - 52/251/1)^2 - P22P2lP 2 lV 22 1 ( 1 - Q~ 3 )X2 (1 - 52/25l/l) - 
gP2l(l-g _3 )[^r^2']52/2Sl+9]52l(l-9 _3 )P2lV2~2Vr2Vri 1 P2"2V2"l 1 52/2^1 > x 2~] = 

(1 - q- 3 )(l - q- 1 ^ 52/251/1 -P2ig(l - 9~ 3 ) [2^; ^2l52/22;i + g^H 1 - 
9 _3 )52/2((l-'7 _3 )a; 2 "5i/i+? l iiP2i[a;i;> a;; 2 _ ] a; i) = (W 3 )^-"? -1 ) 3 ^ 32/251/1- 
p 2 ig(l-<T 3 )[o:r> x^/^i+^l-g- 3 ) 2 ^ 52/251/1 +P2i9 2 (l-<T 3 )pi2P2ig 2 
[^r^^^i = (1 -<?)(1 -<T 2 )(1 - 9" 3 )% 51/152/2, 

(A25) [[x 2 ,a;i], [[[a;J~, a;^ ], a;^ ]> % ]] = [[[^^l], [[a^, a; 2 ],a; 2 ]], a;^" ]+Pi2PiiP22P2i 
[[[zr>z 2 ],a; 2 ], [[a: 2 ,a;i],a; 2 ]] = (1 - <T 3 )(i - g~ 2 )(i + 9)% 51/152/22:2 - 

P22P2iP 2 lV 2 ^ 2 (l-9 _3 )(l-9 _2 )(l+'?)(a;2") 2 5i/i52/2-p|ig 2 [[a:r,2;2"]> a;: 2 _ ]( 1 - 

q~ 3 )92f2Xl +p 2 21 q 2 {l - q^ 3 )Pi2 1 PnP22 2 P2lP2lP22 2 92f2Xl[[x^ ,X2],X2] = 
-pil9 2 (l-9 _3 )[[^r> X 2 _ ]^2 _ ]52/2Sl+9 _2 (l-'7 _3 )52/2(p|iPll[[ :z; r> a;: 2 _ ]> a;: 2 _ ] a;: l- 

g-^l - T 3 )(l - ?- 2 )(^2") 2 5i/i) = -9(1 - T 2 )(l - ?" 3 ) 2 (% ) 2 5i/i52/2, 

(A26) [[x 2 ,xi], [[a;]~,a; 2 ], % L ^2 ]]] = [[[#2, #1], [^J", x 2% [\ x i > ^2 ]. x 2 ]] + 

Pi2PnXP22P2i[[x2 ,x^}, [[x 1 ,x 2 ], [[x^ , x^ } , x^}}} = (1 -g~ 3 ) (1 - <? 2 / 2 gi /i ) [[^ , 2^] , .T 

PuPll^PllPllPuPnPwi 1 - <} )[[ X I, X 2],X2~](1 ~ 02/201 /l) + P22(1 - 

^ 3 )(i-g~ 2 )(i+g][£r^2l^52/25i/i-^ 

a^^l/l^OTa] = (! - ?)(! - <r 3 )[[^r> a;: 2l; a; 2l 5l/l52/2 +P22{1 ~ 

T 3 Xl r T 2 )(l + 5)[^r^2]% 52/251/1 -P12P| 2 (1 j T 3 )(i - T 2 )(i + 
9> 2 ,x 2 ]5 2 / 2 5i/i = (1 - g)(l - g -3 )!^! ,a; 2 ],a: 2 151/152/2+^22(1 - 
g- 3 )(l-g; 2 )(l + g)[[a:r,^],^]52/l5l/l = (l_-<r 3 )(l-5+5(l-<T 2 )(l + 

q))[[ x i ,x 2 ],x 2 152/251/1 = <? 2 (i - i~ 3 )[[x-l ,x 2 ],x 2 151/152/2, 

(A27) [[[a;i,a; 2 ], a; 2 ],a;f ] = [[xi, x 2 ]x 2 , x^]-p 12 p 2 2[x2[xi 1 x 2 ], x^} = pi 2 [[a:i, x 2 ], a;J"]a; 2 + 
[a;i , ar 2 ] [x 2 , x\[\-pv2P22P\\P\2 [x2 , x±] [xi , ar 2 ] -pi 2 p 22 a; 2 [[si , a; 2 ] , a;f ] = -p\ 2 (1 - 
9" 3 )5i/ia:i +P? 2 p 2 ip 22 (l - g _3 )5i/ia:| = -pf 2 (l - <T 2 )(1 - 9~ 3 )5i/i^, 

(A28) [[[0:1,0:2], 0:2], ] = [[o:i,a; 2 ]a; 2 ,a; 2 ]-pi 2 p 22 [a; 2 [a;i,a; 2 ],a; 2 ] =p 22 [[a;i,a; 2 ],a; 2 ]a; 2 + 
[a;i , a; 2 ] [x 2 , a; 2 ] -P12P22P21P22 [x 2 , a; 2 ] [0:1 , ar 2 ] -P12P22X2 [[xi , x 2 ] , x%] = P22 (1- 
g" 3 )a:ia; 2 + [a;i,a; 2 ](l - 52/2) - - 52/2) - _Pi 2 p 22 (l - g~ 3 )a: 2 2;i = 

(l + q)(l-q- 2 )[x u x 2 ], 

(A29) [[[xi,o; 2 ],a; 2 ], [a; 2 ,a;f]] = [[0:1,3:2], [x 2 , [x 2 , x^}}}+p 2 2Pi2[[[xi, x 2 ], [x 2 ,x^]],x 2 ] = 

(l-q~ 3 )[x 1 ,X 2 }Xig 2 f 2 -p 12 p 2 2P2lP22PllPl2(l-q~ 3 )Xig2f2[xi,X 2 }+Pl2P22{l- 
<1~ 3 ) (! -5l/l52/2)a;2 -Pl2P22Pl2P22P 2 " 2 Vr2 1 (! -9 _3 ) a: 2(l -51/152/2) = (1 ~ 

g _3 )(pi2Pna;r[a;i,a;2]-pi2(l-g _3 )5i/i2 ; 2)52/2-pi2g 2 (l-g _3 )a;r52/2[a;i,a; 2 ]- 

(l - ? _1 )pi25(l - 5 ~ 3 )g\!\92f2X2 = -pi2(l-q~ 3 ) 2 q 2 gihg2f2X2-pi2q(l- 
9" 1 )( 1 - q~ 3 )gifi92.f2X2 = -pi2q(i + - <T 2 )(i - q~ 3 )gihg2f2x 2 , 

(A30) [[[a;i,a; 2 ],a;2], [a: 2 , [a: 2 ,a;J"]]] = [[[a;i,a; 2 ],a; 2 ], [o^, o:J~]]+p 2 i«7 2 [o; 2 , [[a;i,a; 2 ],a; 2 ]] = 
(! + <? — <? _1 — ^^l,^]^,^] - PnPuPnPhPiiPui 1 + 9 - - 
g- 2 )[a; 2 ,a;];][a;i,a; 2 ] - p 2 ig 2 pi 2 g(l - <T 3 )(1 - <T 2 )(1 + 9> 2 51/152/23:2 + 

(1 - «?" 3 )(1 - g _2 )(l + q)P22P\2V2\P 2 22P\\P\2g\hg2] 2X2X2 = (1 + 5 - 

- 9~ 2 )((1 - 9 _3 )(1 -51/152/2) +5> 2 ,a;J"] [a;i,a; 2 ]) -^(l + g-g- 1 - 
g- 2 )[a; 2 ",o;j;][a;i,a; 2 ]-(l- g - 3 )(l- g - 2 )(l + g )a; 2 " ff i/i 52 / 2 a; 2 + (l- g - 3 )(l- 
g- 2 )(l + g)5l/l52/ 2 (l - 52/2 + gavT 2 ) = (1 + q - q- 1 - <T 2 )(1 - q- 3 )(l - 
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51/152/2) - (1 - T 3 ) (i - <T 2 )(i + 51/152/2^2 + (l - <r 3 )(i - g- 2 ) (1 + 

q)9ij '152/2(1- .92 / 2 ) + (1 -q- 3 )(l-q- 2 )(l + q)x 2 gihg 2 f 2 x 2 = {l + q)(l- 
q- 2 )(l-q- 3 )(l-9lh9 2 2 m, 

(A31) [[[xi,x 2 ],x 2 ], [x 2 , [x 2 , [x 2 ,Xi]]}} = [[[xi,x 2 ],x 2 ],x 2 ], [x 2 , [x 2 , x^]]+p 21 q 2 
[x 2 , [[[xi,x 2 ],x 2 ], [x^, [X2 ,x]"]]]] = il+q-q' 1 -q- 2 )[x\,x 2 ][x 2 , [x 2 ,x± ]]- 

p 2 iP 22 piip 2 2 p 22 Pi 2 ( 1 + q - q' 1 - q~ 2 )\ x 2 , [x 2 ,x^]][xi,x 2 ] +p 2i g 2 (i - 

q- 3 )(l - q- 2 )(l + g )x 2 "(l - 9ifigVi)-P2iq 2 P 2 iP 22 P 22 2 Pl2 1 ^ - T 3 )(l - 
q-_ 2 )(l + q)(l - gifig 2 2 fi)x 2 = (1 + q- q' 1 - q- 2 )(p 2 i(l - <T 3 )(1 - 
q 2 )i^ + q)x 2 + P 21 P 22 PnPi 2 [ x 2 , [x 2 ,x 1 ]][xi,X 2 ]) -p 2 iq 2 (l + q - q 1 - 
g- 2 )[x2,[x2,xj"]][xi,x 2 ] +p 2 iq 2 (l - q' 1 )^ - <T 3 )(1 - 9~ 2 )(1 + q)x 2 = 
p 21 (l-q- 3 Kl + q)((l-q- 2 )(l + q-q- 1 -q- 2 ) + q 2 (l-q- 1 )(l-q- 2 ))x- = 
p 21 q(l + q)(l-q- 2 )(l-q- 3 ) 2 X 2 , 

(A32) [[x 2 , [x 2 ,xi]],x]~] = [x 2 [x 2 ,xi],x~}-p 22 p 2 i[[x 2 ,xi}x 2 ,Xi] = pi 2 pu[x 2 , xf][x 2 , Xi]+ 
x 2 [[x2,xi],xj"] - p 22 pi 2 p 2 i[[x 2 ,xi],Xj;]x2 - p 22 p 2 i[x 2l xi][x 2 ,x^} = (1 - 
q~ 3 )x 2 - g- 2 (l - <r 3 )x 2 = (1 - g- 2 )(l - <T 3 )x 2 , 

(A33) [[x 2 , [x 2 ,Xi]],X2 ] = [x 2 [x2,xi],x 2 "]-p 22 p 2 i[[a; 2 ,a;i]a; 2 ,a: 2 _ ] = P22P21 [x 2 , x 2 ] [x 2 , Xi]+ 
^2[[«2,«i],« 2 _ ]-p 22 p 22 P2i[[a:2,a;i],a; 2 _ ]2; 2 -p 22 p 2 i[2; 2 ,2;i][a; 2 ,2; 2 "] = P 22 p 2 i(l- 
5 2 / 2 )[^ 2 ^i]-p 2 i( 1 -9 _3 )^ 2 5 2 / 2 ^i+P 22 P 2 i( 1 -9 _3 )5 2 / 2 ^i a; 2 -? | 22 P 2 i[2; 2 > :z: i]( 1 - 
52/2) = -P2i9 2 (l - 9 _3 )52/2[a;2,a;i] -P2i952/2[a;2,a;i] +P2i52/2[a;2,a;i] = 
-P2ig(l + ?)(!- 9" 2 )52/2[a; 2 ,Xi], 

(A34) [[x 2 , [x 2 ,xi]], [xJ",X2"]] = [x 2 , [[x 2 ,xi], [xJ",X2 ]}]+Pi 2 pnp 22 p 2 i[[x 2 , [Xi,X2]], [x 2 ,Xi]] = 
(1 - 9~ 3 )x 2 (l -52/251/1) - p 22 p 2 \P\ 2 p 22 {\ - q~ 3 ) (1 - gifig 2 f 2 )x 2 +pi 2 (l - 
9 3 )xf[x 2 ,Xi] -p 22 p 2 lPi 2 p±iP 22 p 2 iP\ 2 {l - g 3 )[x 2 ,xi]x2" = (1 -q~ 3 ){l - 
q~ 1 )x 2 +p 12 (l-q 3 )xi{x 2 ,x 1 }-q- 3 (l-q 3 )((l-q- 3 )x 2 +p 12 q 3 Xi{x 2 ,x 1 }) = 
(l + q)(l-q- 2 )(l-q- 3 )x 2 , 

(A35) [[x 2 , [x 2 ,Xi]], [[xf,X2],X2 ]] = [X 2 , [[x 2 ,Xi], [[Xf ,X2"],X2]]]+Pl 2 P22PllP21 

[[x 2 , [[x^x^x^]], [x 2 ,Xi]] = (1 - q~ 3 )(l - q~ 2 ){l + q)x 2 x 2 7g 2 f 2 g 1 f 1 - 
P22P21P12P22I 1 - 9~ 3 )(1 - 9~ 2 )(1 + q)x 2 g 2 f 2 gifix 2 +p 2 iq 2 pi 2 (l + q-q 2 - 

q 3 )[ x i, x 2 ][ x 2,x 1 ]-q^ 1 p 22 p 2 ip^PiiP 2 ip 2 2 (^+q-q 2 -q 3 )[x 2 ,x 1 }[x^,x2} = 

(1 - q- 3 )(l - T 2 )(l + ?)(!_- 52/2 + qx 2 x 2 )g 2 f 29l h - (1 - - 
g- 2 )(l + g> 2 g 2 f 2 g 1 f 1 x 2 + q- 1 (l + q- q 2 - q 3 )[ Xl , x 2 ][x 2 ,Xi] - g~ 2 (l + 
q - q 2 - q 3 )((l - <T 3 )(1 - 52/251/1) + PyiP\\PiiPi\\x~{ , x% ][x 2 , Xi]) = 

(l + g )(l- g - 2 )(l- g -3)(l_ 5l/l5 2 /2 2 )5 

(A36) [[x 2 , [x 2 ,xi]], [[[xf ,X2"],X2 ],%]] = [[[x 2 , [x 2 ,xi]], [[xf, x^], x^]], x^] + 
P 2 2 PiiP^iiilt^r.^])^]. [[^2, [x 2 ,Xi]],X2"]] = (1 - 9~ 3 )(1 - 9T 2 )(1 + 

^(i-si/fgi/i)^-^^^ 

qP2\ (l-q+q^ 1 -q 2 ) [[xf ,X 2 ] ,x^\g 2 h [x 2 ,Xi] -Pi 2 PiiP 22 p 2 2 p 2 iP 22 qp 2 i(l- 

q +_9 _1 - g 2 )52/ 2 [a; 2 ,xi][[xr,a;2],x2]_= (1 - 9~ 3 )(1 - <T 2 )(1 + g)(l - 
9)% 5 2 / 2 2 5i/i+P 2 i9( 1 -'7 + 9 _1 -9 2 )[[2 ; i ,^2 L- T 2 ]5 2 / 2 [ a; 2 ,2 ; i]-9 _2 ( 1 -'7 + 
9 _1 -9 2 )52/2((l-9 _3 )(l-9 _2 )(l+9)s 2 ~5 2 / 2 5i/i+Pi 2 PiiP 22 P 2 i[[^r> :E 2 _ ]> s 2 _ ][2; 2 ^i]) = 
(1 - q- 3 )(l - q- 2 )(l + q)(l-q-l + q + q- 1 - q~ 2 )x 2 g 2 f 2 gi h = q 2 (l + 
q){l-q- 2 )(l-q- 3 ) 2 x^ gi hg 2 f 2 , 
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(A37) [[x 2 , [x 2 ,x 1 ]], [[x 1 ,x 2 ], ,x 2 },x 2 ]]] = -p 12 q 3 (l+q)(l-q 2 ){l-q 3 ) 2 [x 1 ,x 2 ], 

(A38) [[[[xi,x 2 ],X2],X2],Xj;] = [[[xi,x 2 ],x 2 \x 2 ,Xi]-pi 2 p 2 . 2 [x 2 [[xi,x 2 \,x 2 ],Xi] = 
Pi2[[[xi, x 2 ], x 2 ], x^]x 2 +[[xi, x 2 ], x 2 ][x 2 , x^]-p 12 pl 2 p 11 p\ 2 [x 2 , x^][[x\, x 2 ], x 2 }- 
pi 2 p 2 22 x 2 [[[xi,x 2 ],x 2 ],x^] = -p\ 2 {l - q~ 3 ){l - q~ 2 )gifix 2 + p 3 12 q 2 (l - 
q~ 3 )(l - q- 2 )p 12 p 2l9l hxl = -p? 2 (l - q- 1 )^ - q~ 2 )(l - q~ 3 )gifi4, 

(A39) [[[[zi,^],^],^],^] = [[[xi,x 2 ],x 2 \x 2 ,x 2 ]-p 12 p 2 . 2 [x 2 [[xi,x 2 \,x 2 ],x 2 ] = 
P22[[[xi, x 2 ], x 2 ], x 2 ]x 2 +[[x 1 , x 2 ], x 2 ][x 2 , x 2 ]-p 12 pj 2 p 21 [x 2 , x 2 ][[x 1} x 2 ], x 2 ]- 
Pi 2 p 22 x 2 [[[xi, x 2 ], x 2 ], x 2 ] = p^il+q-q^ 1 -q^ 2 )[x u x 2 ]x 2 +[[x u x 2 ], x 2 ](l- 
32/2) - g(l - 32/2) [[xi, X 2 ], x 2 ] - p\ 2 q 2 {l + q - q^ 1 - q~ 2 )x 2 [xi , x 2 ] = 
q(l + q- q- 1 - q~ 2 )[[x!, x 2 ], x 2 ] + (1 - q)[[xx, x 2 ], x 2 ] - [\x\,x 2 ),x 2 ]g 2 f 2 + 
qg2f2[[xi,x 2 ],x 2 ] = q 2 (l - g _3 )[[a;i,a;2],a;2], 

(A40) [[[[zi,^],^],^], [x 2 ,2^]] = [[[xi, x 2 ], x 2 ], [x 2 , [x 2 , x^]}]+p 22 p 12 [[[[xi, x 2 ], x 2 ], 

[x 2 ,Xi]], x 2 ] = (l-q~ 3 ) [[xi , x 2 ] , x 2 }x^g 2 f 2 -p 12 pl 2 p 21 pl 2 p llP l 2 (l-q- 3 )x^g 2 f 2 [[xi , x 2 ] , x 2 \ - 

pi 2 q 2 ^-q' 3 )^-q^ 2 )^+q)gifig2f2xl+pi 2 pl 2 p 22 Pi 2 p 2 12 q 2 (i-q- 3 )(i- 

q- 2 )(l + q)x 2gi f l92 f 2 x 2 = (1 - q - 3 )(-p\ 2 (l - q~ 3 )(l - (T^Sl/l^ + 
PuPi2^i [[xi, x 2 ], x 2 ])g 2 f 2 -p 2 12 q 4 (l-q- 3 )x 1 g 2 f 2 [[ Xl , x 2 ], x 2 ] = -p 2 12 q 4 (l- 
q- 2 )(l- q - 3 ) 2 g 1 f 1 g 2 f 2 x 2 , 

(A41) [[[[zi,^],^],^], [x 2 , [x 2 ,x^]}] = [[[x 1 ,X2],x 2 ], [x 2 , [x 2 ,[x 2 , x^]]]]+pl 2 p 12 
[[[[xi,x 2 },x 2 ], [x 2 ,[x 2 ,x^]]],x 2 ] = (l+q-q~ 1 -q~ 2 )[[x l7 x 2 ],x 2 }[x 2 ,x~]g 2 f 2 - 
V\2P 2 22 P 2 2\V\ 2 V\\V\ 2 {^ + q - q^ 1 - 0~ 2 ){x 2 ,x^]g 2 f 2 [[x- l ,x 2 \,x 2 ] +pi 2 q 2 {l - 
q- 3 )(l - q- 2 )(l + g)(l - 9l hg 2 2 fi)x 2 - Pi 2 p 2 22 p 22 2 p^Pi 2 q 2 (l - <r 3 )(l - 
q- 2 ){l+q)x 2 {l- gi hglf 2 ) = (l +q - q -^- q - 2 )(-p 12q (l- q -^(l- q -^(l + 
Q)9ifig2 J '2x2 +P2iP 22 Pnp 2 2 [x 2 , x 1 ][[xi,x 2 ],x 2 })g 2 f 2 -p 12 q 3 {l-q-q 1 - 
q- 2 )[x 2 ,Xi]g 2 f 2 [[x 1 ,x 2 ],x 2 }-p 12 q 2 (l-q- 3 )(l-q- 2 )(l + q)g 1 f 1 g 2 l f 2 2 x 2 + 
pi 2 (l - q- 3 )(l - q- 2 )(l + q)gihg 2 2p2X2 = - P 12q 3 {l - q~ 3 )(l - q- 2 )(l + 

+ o - T 1 - T 2 + T 1 - ^gihglti^ = - P i 2 g 4 (i + ?)(i - <r 2 )(i - 
o~ s ) 2 9ifigifix 2 , 

(A42) [[[[m,^],^],^], [x 2 , [x 2 , [x 2 ,x^]}]] = [[[x lt x 2 ], x 2 ], [x 2 , [x 2 , [x 2 , [x 2 , ]]]]] + 
V 22 P^[[[[xi,x 2 ],x 2 ], [x 2 , [x 2 , [x 2 ,Xi]]]],x 2 ] = q 2 {l-q- 3 )[[xi,x 2 ],x 2 ][x 2 , [x 2 ,xl~]] 
g2/2-p\2P 2 22 p 3 2 YP 22 p\\p\ 2 q2{^-q^ 3 )\x 2 , [x 2 , x^]]g 2 f 2 [[x 1 , X 2 ] , X 2 ]+p 12 q 3 p 21 (1 - 
q- 3 )(l - q- 2 )(l + q)(l - q 3 )x 2 x 2 - Pi 2 p 22 p 22 PuPi 2 q 3 p 2 i(l - g~ 3 )(l - 
q- 2 )(l + q){l - q 3 )x 2 x 2 = q 2 (l - <T 3 )(1 - q- 3 )(l - q- 2 ){l + q)(l - 
gi/igVl)+V 2 2 iV\ 2 V\iv\ 2 \x 2 , [x 2 ,x 1 }}[[x 1 ,x 2 },x 2 ]g 2 f 2 -q 4 (l-q 3 )[x 2 , [x 2 ,x 1 }} 
g 2 / 2 [[x 1 ,x 2 lx 2 \ + (l-q- 3 )(l-q- 2 )(l + q)(l-q 3 )x 2 x 2 -q- l (l-q- 3 )(l- 
q- 2 )(l + q)(l- q 3 ){l - g 2 h + P 22X 2 X 2 )_ = q 2 (l - q- 3 ) 2 {\ - <T 2 )(1 + 

q)(g2h - 91/192/2) + ? 4 (! - o 3 )i x 2 > [x 2 > x i }]92h[[xi,x 2 ],x 2 ] - q 4 (i - 

q-^^^x^hilx^X^x^-q-^l-q-^l-q-^il + q^l-q 3 )^- 
32/2) - q 2 (l + - q- 2 )(l q- 3 ?{l 9l/l9 3 2 /!), 

(A43) [[x 2 , [x 2 , [a; 2 ,a;i]]],a;2] = [x 2 [x 2 ,[x 2 ,x 1 ]},x 2 ]~pl 2 p 21 [[x 2 ,[x 2 ,x 1 }}x 2 ,x 2 } = 
pl 2 p 2 i[x 2 ,x 2 ][x 2 , [a; 2 ,a:i]]+a:2[[a;2, [x 2 ,x 1 ]],x 2 ]-pl 2 p 21 [[x 2 , [x 2 ,x 1 ]],x 2 }x 2 - 
P 22 P2i[x 2 , [x 2 ,x 1 ]][x 2 ,x 2 ] = P2ig 2 {l -52/2) [x2, [x2,xi]] +p 2 i (1 - q + q^ 1 - 
q 2 )x 2 g 2 fc[x 2 ,xi]-q 3 pl 1 (l-q+q- 1 -q 2 )g 2 f 2 [x 2l x 1 ]x 2 ~p 21 q 2 [x 2 , [x 2 , zi]](l- 
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52/2) = -P2iq 2 g2f2[x2,i x 2,xi}} + P2ig 3 52/2^2, [2:2, +P2i<7 2 (l - q + 

q^ 1 -q 2 )92f2X2 [x 2 ,xi] -pii? 3 ! 1 -q + q' 1 - q 2 )g2f2[x2,x 1 ]x 2 = p 2 iq(i - 

g _3 ).92/2[a:2, [0:2,0:1]], 

(A44) [[x 2 , [x 2 , [£2,2:1]]], [[^.^L^]] = [[[X2,[x2,[x2,xi]]],[x^ ,x^]],x^]+pl^pn 
P22^2i[[a;r,£2], [[^2, [x 2 , [2:2, 0:1]]], o;^]] = g 2 (l - <?~ 3 ) 2 (1 - q~ 2 )x\x 2 - 
p| 2 P2^P22"Y(l-^) 2 (l^^ [a; 2 ,a;i]]- 

V\2Vllv2^2V2^ 1 V2^ 1 V22V\2q Z V2\qiX-q Z )92!2\x2, \X2,XJ\\X1_,X^\ = q 2 (i- 
q-y{\ - g- 2 )((l + q)x 2 - g(l + q)g 2 f 2 x 2 + q 2 x 2 x 2 ) - g 4 (l - q^f(l - 
q 2 )x 2 x 2 l +p 12 q(l-q 3 )[x 1 ,x 2 ]g 2 .f 2 [x 2 , [x 2 , x x }} - (1 - q 3 )g 2 f 2 ((l - q 3 (1- 
q- 2 (l + q)x 2 +p 2 12 pl 2 p 11 p 21 [xi,x-}[x 2 , [x^x^] = g 2 (l-g- 3 ) 2 (l-g- 2 )(l + 
q)x 2 - q 3 (l - q- 3 ) 2 (l - g- 2 )(l + 9)52/2^2 + 9 3 (1 - T 3 ) 2 (l - <T 2 )(1 + 
q)92hx2 = q 2 (l + g)(l - q- 2 )(l - q- 3 )x 2 , 

(A45) [[x 2 , [x 2 , [0:2,0:1]]], [[[x^ ,x 2 },x 2 ],x 2 ]] = [[[x 2 , [x 2 , [x 2 ,x 1 ]}}, [[x~ , x 2 ], x 2 }], x~} + 
P12P11P22P2MX1 ,x 2 ],x 2 ], [[x 2 , [x 2 , [a^zi]]],^]] = g 2 (l-g~ 3 ) 2 (l-g- 2 )(l+ 
q)x 2 x 2 - p 22 p 2 iP 2 iP 22 q 2 (l - q~ 3 ) 2 (l - q~ 2 )(l + q)x 2 x 2 + p 12 q 3 p 21 q(l - 
q Z )[[xi ,x 2 ],x 2 ]g 2 f 2 [x 2 , [X2,xi]] -p 2 iP 2 ipi 2 3 PiiP 22 6 p 2 2 q(l-q 3 )g2f2((l - 
q- 3 )(l-q- 2 )(l+q)(l-g 1 f 1 glf^)+p 2 12 p 11 p^ 2 pl 1 [[x^ , x 2 ], x 2 ][x 2 , [x 2 ,x 1 ]}) = 
q 2 (l - q- 3 ) 2 (l - q- 2 (l + g)(l - 92 / 2 ) - ^(l - q 3 )(l - q- 3 )(l - q- 2 )(l + 

q){92h gihglfl) = q 2 (i + g)(l - g" 2 )(l - T 3 ) 2 (i - gihglfl), 

(A46) [[[£1,212], [x 2 , [x 2 ,x 1 }]},x 2 ] = [[x 1 ,x 2 ], [[x 2 , [x 2 , x^}, x^^+p^p^lllxx, x 2 ], x 2 ], 
[x 2 , [x 2 ,X 1 ]}]= p 21 (1 -q+q^ 1 -q 2 ) [xi , x 2 ]g 2 f 2 [x 2 , X\\ -p 2 i 2 PnP 22 P 2 i {l-q+ 
q~ 1 -q 2 )g2f2[x2,x 1 ][x ll x 2 ]+p 21 q 2 {l-q- 3 )x 1 [x 2l [x 2 , Xi]}-p 2 12 pnp^ 2 p 2 ip 22 2 p 2 iP 2 iq 2 (l- 
q~ 3 )[x 2 ,[x 2 ,x 1 ]]xi =p 21 q~ 1 (l - q + g _1 - q 2 )g 2 f 2 (q 3 pi 2 (l - q~ 3 )x 2 Xi - 
Pi2q 3 ^^x^^^^-p^l-q + q- 1 -q 2 )g 2 f 2 [x 2 ,Xl]q 3 pl 2 {l-q- 3 )x 2 Xl- 
Pl 2 q 3 [x 2 ,Xl])+p 21 q 2 (l-q- 3 )(p 12 q[x 2 ,x 1 ] 2 +p 2 12 q 3 [x 2 , [x 2 ,Xi]]x{)-p 12 q 2 (l- 
q~ 3 )[x 2 , [x 2 , Xl ]]xi = (l-g _3 )[a;2,a;i] 2 +pi2g 3 (l+g)(l-«?" 2 )(l-^ 3 ) 2 .g2/2a;2[a;2,a;i]a;i- 
Pi 2 g 3 (l+9)(l-^ 2 )(l-^ 3 ).g 2 /2[a:2,[a;2,a;i]]a;i + (l+g) 2 (l-^ 2 ).g2/2[a:2,a ; i] 2 , 

(A47) [[[xi, X 2 ], [[X 1 ,X2],X2]],X2] = [[xi,X 2 ], [[[x 1 ,X 2 ],X2],X 2 ~ ]]+P2lpl2[[[xi,X2],X 2 ], 

[[^i,^],^]] = (i+g-g _1 -g _2 )[a;i,a;2] 2 -piiP 2 2P2ipi2P2iP22(i+'?-^ :L - 

g" 2 )[x 1 ,£ 2 ] 2 +P2ig 2 (l-g _3 £l[[£l,£2],£2]-PllP 2 2P2lPi2P2"l 1 P2"2 2 P2ig 2 (l- 

q~ 3 )[[xi,x 2 ],x 2 ]x 1 = -pi 2 q 2 (l-q- 3 )[[x 1 ,x 2 ],x 2 ]x 1 +p 21 q 2 (l-q- 3 )(p 12 q(l- 
q- 2 )^, x 2 } 2 + p 2 12 q 3 [[x u x 2 ], x^) = (1 -g- 2 )(l - q- 3 )[x u x 2 } 2 , 

(A48) [[[2:1,2:2], [[2:1,2:2], £2]],^] = [[^1,^2], [[[a;i,a;2],a;2],a;f]]+piipi2[[[a;i,a;2],a;J"], 
[[xi, x 2 ], x 2 }} = -p 2 2 (l-g" 3 )(l-g" 2 )[2:i,2:2]5i/i2:i+PiiP 2 2P2ip|2PiiPi2P 2 2(l- 
q- 3 )(l-q- 2 )g 1 f 1 xl[x 1 ,x 2 }~pl 2 p 11 (l-q- 3 )g 1 f 1 x 2 [[x 1 ,x 2 },x 2 ]+p 11 pl 2 p 21 pl 2 
PuPl2 2 Pi2Pn( 1 -<l~ 3 [[ x i, x 2},X2]gifiX2 = -p 2 2 g 3 (l-g _3 )(l-g _2 )gi/i([[[a;i,a;2],a:2],a;2] + 
Pi 2 q(l+q)x 2 l{x 1 ,x 2 },x 2 }+p 2 2 q 2 x 2 {x 1 ,x 2 })+pi 2 q 5 (l-q- 3 )(l-q- 2 )g 1 f 1 x 2 {x 1 ,x 2 }- 
P 2 2 q Z { 1 -<7 _3 )5i/ia:2[[a:i,a;2],a;2] + Pi2<7 2 (l - q~ 3 )gifi([[[xi, x 2 ], x 2 ], x 2 ] + 
p^g 2 ^^,^],^]) = -p 2 2 g 3 (l - q~ 3 )gifi[[[xi, x 2 ], x 2 ], x 2 ] ~ pf 2 q 4 (l + 
?)(! - ?~ 2 )(! - q~ 3 )gifiX2[[xi,x 2 ],x 2 ], 

(A49) [[[0:1,0:2], [[0:1,0:2], 0:2]], [x 2 ,xi]] = [[0:1,0:2], [[[0:1,0:2], [a;2", a;: r]]]+P2iP22PiiPi2 

[[[0:1,0:2], [x 2 ,Xi}], [[xi, x 2 ], x 2 }] = -Pi2q(l-q~ 3 )(l-q~ 2 )(l+q)[xi,x 2 ]g 1 f 1 g 2 f 2 x 2 + 
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Pnpl 2 P2ipl2P2iP22PiiPi2Pi2q(i - q~ 3 )(i - q~ 2 ){l + q)gifig2f2X2[xi, x 2 ] + 

g(! - 9" 3 )(! - 9lh92h)[[xi,X2],X 2 ] - PllP 2 12 P2lPl 2 P2lP22 2 PllPl2 2 q( l ~ 

q- 3 [[x 1 ,X2},X2}(l-gifig 2 .f 2 ) = -p 1 2q 3 {l-q- 3 ){l-q- 2 ){l+q)gifig 2 .f 2 ([[x u x 2 },X2}- 
Pi 2 qx 2 [x 1 ,x 2 }) +pj 2 q 4 (l - q~ 3 )(l - <T 2 )(1 + 9)51/152/2^2^1, z 2 ] + g(l - 
9 _3 )( 1 -.9i/i52/2)[[a;i,a;2],a;2]-'7(l-g _3 )[[a;i,a;2],a;2]+g , (l-'7 _3 )g5i/i52/2[[a:i,a;2],a;2] = 
-Pi29 4 (l - ?~ 3 ) 2 5i/i52/2[[zi,z 2 ],x 2 ], 

(A50) [[[2:1,2:2], [[zi,^],^]], [% , ^2 ,^7/]]] = [fci.a^], [[[xi, x 2 ], x 2 ], [x 2 , [x 2 ,x^}]}]+ 

p 2 2 1 pi2PllPi2[[[xuX 2 },[x^dx2,xn]},[[xi,X 2 },X 2 }} = (l-q-")(l-q-^(l + 

q)[xi,x 2 ](i -gihgifZ) - v\\v\ 2 v 2 \v\ 2 p\xp\ 2 P\\Pyi(}- - q 3 )(i - q 2 )(i + 
?)(i - ffi/iffi/Dt^i, ^2] + <?f>2i(i - 9 _3 )(i - ? 2 )(i + ^Kllib^],^] - 

Pi^^iP^l" 2 ?^!! 1 ? 1 ^ 2 ^!!! - 9~ 3 )(1 - 9 2 )(1 + ?)((! + 9 - - 
q- 2 )[x 1 ,X2}+p 2 iq 2 x 2 [[x 1 ,x 2 },x 2 }) = (l-q- z )(l-q- 2 ){l+q)(l-q)[x 1 ,X2] + 

P2i«(l - T 3 )(l - 9 2 )(1 + g)*2 [bi.afcUa] - g-^l - T 3 )(l - 9 2 )(1 + 
?)(1 + q - <T 1 - q~ 2 )[xi , x 2 ] +p 21 q{l - q- 3 )(l - q 2 ){\ + q)x 2 [[ Xl , x 2 ],x 2 ] = 
q 2 (l + q)(l-q- 2 )(l-q- 3 ) 2 [x u x 2 }. 

Acknowledgments 

I would like to thank professor Kharchenko for all his attention during my 
research period in Mexico. I also thank him for proposing this theme as part of 
my thesis and for all his suggestions to this article. 

References 

[1] I. Heckenberger, H.-J. Schneider, Right coideal subalgebras of Nichols alge- 
bras and the Duflo order on the Weyl groupoid, preprint. 

[2] V. Kac, Infinite dimensional Lie algebras, Cambridge University Press, 1990. 

[3] V. K. Kharchenko, An algebra of skew primitive elements, Algebra and 
Logic, 37, N2(1998), 101-126 

[4] V. K. Kharchenko, A quantum analog of the Poincare-Birkhoff- Witt Theo- 
rem, Algebra and Logic, 38, N4(1999), 259-276. 

[5] V. K. Kharchenko, A. A. Alvarez, On the combinatorial rank of Hopf alge- 
bras, Contemporany Mathematics, v.376(2005), 299-308. 

[6] V. K. Kharchenko, PBW-bases of coideal subalgebras and a freeness theorem, 
TAMS, v.360, vl0(2008), 5121-5143. 

[7] V. K. Kharchenko, A. V. Lara Sagahon, Right coideal subalgebras in 
U q {sl n+1 ), Journal of Algebra, 319(2008), 2571-2625. 

[8] V. K. Kharchenko, Right coideal subalgebras in U+(so 2n +i), Journal of the 
European Mathematical Society, in press. 



31 



[9] B. Pogorclsky, Right coideal subalgebras of the quantum Borel algebra of type 
G 2 , Journal of Algebra, 322(2009), 2335-2354. 



32 



